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Abstract. This paper presents a multi-degree-of-freedom mtatethe design and analysis of
mechanical snubbing in elastomeric isolators. Tloelehconsists of a three degree-of-freedom
rigid body that is assembled to a rigid frame byameof elastomeric isolators and a snubbing
system. The isolators are supplemented by the smylslystem so as to limit the displacement
of the rigid body in all three directions of motierhen the system undergoes transient loading
or overloading conditions. The model is piecewis@e-finear and uses normalized Bouc-Wen
elements in order to capture inherent hysteresith@felastomeric isolators and the snubbing
system as well as the transition in stiffness aachping properties resulting due to inherent
coupling between the isolators and the snubbintesysSeparate elements are used to model
the enhanced stiffness resulting from the snublspsfem in the translating directions of
motion. A set of elastomeric isolators and snubbsystems is used for data collection,
characterization and model validation. The datdectibn is carried out at multiple strain
amplitudes and strain rates. A conventional leagiages based parameter identification
technique is used for characterization. The corapletharacterized model is then used for
simulating the response of the rigid body and thmuktion results are compared to
experimental data. The simulation results are fotmdbe in general agreement with the
experimental data.

Keywords: snubbing, elastomeric Isolators, Bouc-Wen, hysiist
1. INTRODUCTION

Mechanical snubbers are used in multiple engingeapplications as displacement limiting
or energy absorption devices. Mechanical snublrersigually designed in conjunction with an
isolation system in order to limit the displacememvelope of the isolated system under
transient loading, or when the isolated system s@edwithstand overloading conditions.
Elastomeric isolators are widely used in automotared railroad applications as passive
isolation devices with the elastomer section gdhyedasigned to be in shear or compression. A
commonly used snubbing system in automotive apiies consists of elastomeric elements
that are compressed under transient loading conditiso as to progressively limit
displacement. Elastomeric isolators exhibit noedin stiffness and damping properties,
especially over a large range of strain rates argivg input displacement amplitudes. This
non-linear behavior is furthermore accentuated @uthe use of a mechanical snubber as a
displacement limiting device. While modeling thenAmear behavior of elastomeric isolators
has received a lot of attention from researchbesgtis limited literature available on modeling
of mechanical snubbing and integration of snubbimapels with the models for elastomeric
elements. Furthermore, most of the current liteeatin displacement limiting mechanisms uses
piecewise linear models, which may not capture tifamsition in stiffness and hysteresis
phenomena well. This work proposes an integratextepiise non-linear multi-degree-of-
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freedom model that can be used for the design aalysis of a mechanical snubbing system in
conjunction with the design of a passive elastoecrisdlation system.

Non-linear behavior of elastomeric isolators hasrbextensively studied by researchers
over the last couple of decades and different niogléechniques have been used to represent
specific characteristics exhibited by elastomebbsahim [1] provided an extensive up-to-date
review on the development of non-linear isolatorsl disted a thorough bibliography of
research on the modeling and design of isolatoth mon-linear attributes. Some approaches
that have been commonly used for modeling non-ifednavior such as fractional modeling
and phenomenological modeling were also discusBed [2] presented a model for rubber
suspension components specific to railroad apjpdiest The model was based on superposition
of elastic, frictional and viscous forces and cetesl of five model parameters. This model was
found to be in agreement with measured resultsveaglconcluded to represent a compromise
between model complexity and model accuracy. Clamidikhar et al. [3] compared the
performance of four alternate designs of a noralinshock isolator. Based on different
performance indices, the incorporation of Coulomémging and cubic damping were
concluded to enhance isolation characteristics. Kind Singh [4] presented a model for
vibration isolators in order to capture the frequedependence of dynamic stiffness in multiple
dimensions. This model, however, did not accountrfon-linear behavior. Shaska et al. [5]
presented experimental results in order to dematesimon-linear behavior of isolators made
from butyl rubber using excitation amplitude, eatitn frequency and ambient temperature as
input variables. Ni et al. [6] used the general 8Wen element for modeling hysteretic
behavior of isolators. A frequency domain approaets proposed for identification of model
parameters. Narimani et al. [7] presented a sidglgree-of-freedom model for an isolator that
was piecewise linear and derived a solution forfthgquency response for this model. It was
concluded from the parameter study that the dampatp is a significant variable for
achieving amplitude reduction. The simulation reswlere found to be in agreement with
experimental measurements. Nguyen et al. [8] pewdr a parametric study in order to
examine the response of an oscillator with motioniting stops. A piecewise linear model for a
single-degree-of-freedom system was used for thiglysand parameters like excitation
amplitude, excitation frequency and stopping gapewsesed to study the dynamic behavior of
the restrained system. Natsiavas [9] performed abilgy and bifurcation analysis for a
piecewise linear oscillator. A mechanical osciltatdth one degree-of-freedom was studied as
an example to validate results. It was concluded ttie analysis could be extended to multiple
degrees-of-freedom.

Unlike elastomeric isolators, there is a lack odikable literature on mechanical snubbing
even though the use of snubbers spans across lsewgineering applications, like railroad,
automotive, piping systems, etc. Onesto [10] dgwesdomathematical models to study the
general characteristics of mechanical and hydrauidbbing systems. These models were used
to develop design guidelines for systems that contynose snubbers. Chiba and Kobayashi
[11] proposed a linear snubbing model with spedfpplication to piping systems. Vibration
testing was performed to determine the validityhef proposed model.

There are some similarities between the study afh@meical snubbing and certain aspects of
areas of study related to vibro-impact mechaniogaict dynamics and modeling of hysteretic
behavior. Some literature from these areas of stadyherefore, applicable to the study of
mechanical snubbing. Luo [12] presented an analysan impact oscillator with a frictional
slider. The design of vibro-impact machines wasctued to be an area of application for this
study with specific emphasis on stability and kihtion analysis of motion. The Bouc-Wen
model has been extensively used to model non-liardrhysteretic behavior over the last few
decades. Song and Kiureghian [13] proposed motidics to the conventional Bouc-Wen
model, particularly for highly asymmetric hystesekiops. The model was correlated with data
from laboratory experimentation. Peterka and Vgdi#k] presented a detailed synopsis of
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chaotic behavior that accompanies the periodic anotif certain mechanical systems under
specific excitation conditions caused by impacte Télationship between impacting bodies was
based on the use of a coefficient of restitution &me transition to chaotic behavior was
established in terms of existence and boundaryitons. Shaw and Holmes [15] presented a
model for a non-linear oscillator that could bedite model mechanical systems which exhibit
intermittent contact. The model had one degreeaddom and was piecewise linear, and was
used to demonstrate several bifurcations resuliiog varying input conditions and system
properties. A large compilation of related topigedaan up-to-date bibliography in contact
dynamics and vibro-impact mechanics can be foun8tiange [16], with some discussion on
periodic vibro-impact behavior of single degreefreedom systems.

There has been a phenomenal increase in literaélaéed to the use of the Bouc-Wen
model for far ranging applications. Ikhouane andi®lar [17] classified the Bouc-Wen models
into categories based on the range of governingmpaters in order to relate the parameters to
physical attributes. A limited range of the govemiparameters was established in order to
model a bounded input-bounded output system. Ikiaad Dyke [18] further established that
the generalized Bouc-Wen model is over-parametrareti may not uniquely define the input-
output behavior of the modeled system. A normaledc-Wen model with a reduced number
of parameters was introduced so as to provide @ueniinput-output relationship. The
normalized Bouc-Wen element has been used in thik % characterize the complete range of
the force-displacement response.

This paper integrates some of the recent work dortbe modeling of non-linearity and
hysteresis exhibited by elastomeric isolators mvigling a model that incorporates mechanical
snubbing and, therefore, provides a holistic mddelan isolation system and the snubbing
system over a wide range of displacement amplitagesexcitation frequencies. Since most of
the mechanical systems encountered in engineeniagtige comprise of multi-degrees-of-
freedom (MDOF), consisting of either three in-plategrees-of-freedom (DOF) or all six-DOF
that a rigid body possesses in space, this papeepts a comprehensive model for a three-DOF
system which incorporates the use of a mechaniwabling system in order to limit the
displacement of the system in all three directioisotion.

2.MODELING

This section presents the MDOF model consisting dimped mass with three in-plane
DOF - two translational and one rotationaly andy respectively. A representation of the
model is shown in the form of a block diagram ig.Fi with the lumped mass that is assumed
to be rigid and is assumed to undergo small ratatidisplacement, allowing the use of small
angle approximation in the derivation of the equadiof motion (EOM). The system in Fig. 1
shows a front and a rear isolator connecting tiyéd rbody to ground. The rigid body is
additionally connected to fore-aft (along x-axiagavertical (along y-axis) snubbers at the front
end as well as the rear end. The coordinate syst@mwn in Fig. 1 will be used throughout this
paper in deriving the EOM. It may be noted thatiedel presented in this paper is restricted
to just two isolators and two pairs of translatiosraubbers. However, the approach adopted in
this paper will be applicable to any three-DOFdipody regardless of the number of isolators
and snubbers.

The governing EOM of the system in Fig. 1 consiktttoee second order differential
equations that are coupled with one another andsianaltaneously coupled to the four first
order differential equations that in turn goverre thvolution of the Bouc-Wen variables,
corresponding to the four Bouc-Wen elements shawkig. 2. The Bouc-Wen elements are
used so as to capture time-dependence by the udfiod of additional state variables. One
Bouc-Wen element is used for each isolator in eéemfslating direction of motion. This allows
the modeling of hysteretic behavior exhibited bgastdmeric systems with an appropriate
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choice of model parameters. The lumped mass showigi 2 is connected to ground through
the front and rear isolators locatedat ;) and &, y;) respectively, with respect to the center of
mass. The displacement of the three-DOF systemristiained by the snubbers at the front end

as well as at the rear end of the mass in thedtirgd and the verticaly directions of motion.
The snubber stiffness is modeled by non-linearngpglements, withkar,, Kan, Koy and ks,
representing the snubbing stiffness at the fromt ehthe rigid body in ¥ —x, +y and v
directions respectively. The corresponding snubkiifiness at the rear end of the rigid body is
modeled withkan, Kan, Koy @andksy representing the stiffness irx,+x, +y and -y directions

respectively.

Rear Front
— Shubber —E — Snubber — —E
Fore-aft Fore-aft
Rear y Front
Snubber — ‘ Snubber —
Vertical Vertical
I I
CG
— X
\v
Rear Front
N Isolator — Isolator —
X |__Fore-aft Fore-aft
Rear Front
Isolator — Isolator —
Vertical Vertical

Fig. 1. Mechanical Snubbing Model — Block Diagram

The governing EOM for the fore-aft translation b&tlumped mass can be expressed as
follows:

mX+( t?fx—i_ er) .X+( fo—’_ Iﬁx) )@( Eﬁx y- l& r))j/_( 1p< ¥ ]p r)’y
+afofx + (erVVrX = fx

In Eqg. (1),mis the mass of the isolated system §rid the excitation force acting on the mass
along thex-axis at the center of madsy, andky,, represent the translational stiffness of the
front and rear isolators along theaxis respectively, anby, andby,, represent the translational

damping constants of the front and rear isolattwagathex-axis. Eq. (1) can be alternately
written as a system of two first order ordinaryfetiéntial equations (ODE) as:

(1)
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In Egs. (1) and (2)a anda,, are the Bouc-Wen parameters that couple the sydjgramics
with the unit-less time-dependent variableg, and w,,, respectively as long as the two

constants are non-zero. In Eq. (¥),= X and X, = X. The unit-less time-dependent variables

are called as the normalized Bouc-Wen variable® @amping characteristics exhibited by
elastomeric isolators are primarily hysteretic. Taenping constants, therefore, need to account
for strain rate or excitation frequency. This isiddy using the hysteresis damping constants in
order to model the frequency dependence of the ongonstants as:

by, = % )

In Eqg. (3),hyq is the hysteresis damping constantis the excitation frequency, the subscript
‘p’ can be substituted by the front and rear isolawiables f' and ‘r’ and the subscripiy’ can
be substituted by the fore-aft and vertical di@tsi X' and 'y’ respectively to express the four
damping and hysteresis constants of the modeltha&ldamping constants from here on will be
modeled as expressed in Eq. (3).
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Fig. 2. Three-DOF Mechanical Snubbing Model
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The governing equation for the vertical motion loé flumped mass is analogous to Eq. (1)
and can be expressed as:

my+(By+By) () w(k x= K Jr( B e b
+a Wy +a, W, = f,

Eqg. (4) is analogous to Eqg. (1) with two new BoueiWMparameters;, anda,, coupling the
system dynamics with the corresponding time-dependariableswy, andw,y, that are in turn
coupled to the motion of the lumped mass in théicadrdirection, along thg-axis. Eqg. (4) can
be alternately expressed as a system of first ageations as follows:

(4)

).<3:X4
X4:_(k1fy;k1ry))%_(tlfy;QJy) X4_(k1fy &;nigry )r()x5 )
_(blfyxfr;tlry X)XB_a_rf;;ny_Olrr:] Wy+f_ryn

In Egs. (4) and (5), is the excitation force acting on the rigid bodythie vertical directiork,s,
andk,, represent the vertical stiffness of the front #rlrear isolator respectively, abg, and
b.,, represent the vertical damping constant of thetfamd rear isolator respectively. In Eq. (5),

X, =YyandX, =Y.
The governing equation for rotational displacemanthe rigid body is coupled to all four

system variables incorporated in Egs. (1) anddB) can be expressed with the use of small
angle approximation as:

17— (Kun Ve — Ko ) X+ (ke % — by %) (b §+ b 3 K Ak
~(buY —bo¥) % (B x— B X)) w( B ¥+ B3 h e b ©

— Wi Yi +anyfyX o, W, yr_ary VK/ X=

In Eq. (6),m, is the excitation moment about tha@xis acting on the mass ahds the mass
moment of inertia about theaxis at the center of mass, where traxis is defined as per the
Right Hand rule, consistent with the coordinatetays in Figs.1 and 2. Eqg. (6) can be
alternately written as a system of coupled difféedrequations as:

X5 = Xs
XBZklfxyfl—lsmyr - ml— o X, B yl— by, B f>:— X
_klfxy?-l_lﬂfy)é—i_ ktrx j—i_ Iﬁy ?%XS_ Qx ﬁ"_ R/ %‘i‘ Q SH‘ 19 r%()% (7)
I I
Ao Y afyxf o, Y, ary)ﬂ' m,

T W Wy m T W b W

In Eq. (7), X, =y and X; =7, all the remaining variables in Eqg. (7) remainnitieal to the
variables introduced in Egs. (1) through (6). Itynfee noted that the derivation of Eq. (7) is
based on the assumption that the system undergudbangular displacement. The first-order
equations in Egs. (2), (5) and (7) are the govereiquations for the system only as long at the
snubbing displacement thresholds at the front erdl a& the rear end of the system are not
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exceeded, i.e.‘x— yf}/‘< X |X+ yr7|< X, ‘y+ Xf}/‘< Y; and |y—>§7|< Vo s

wherex,; andx,, are the fore-aft snubbing thresholds at the feortt the rear end respectively,
andyy andy,, are the vertical snubbing thresholds at the feord the rear end respectively.
Additionally, the system of equations is coupledfdar first-order equations that govern the
evolution of the time-dependent Bouc-Wen variablEse generic formulation for the Bouc-

Wen variables can be expressed as follows:
W= (67 Y 8) o[ %7 y o whul* (oD xF wal W] @

Woy = Pumy

oot e A o]

In Egs. (8) and (9), the subscripts &nd m’ can be substituted by the front and rear isolator
variables f" and ‘r’ respectively to yield the four governing ODE aesponding to each Bouc-
Wen variablep;, g;, andn; are the Bouc-Wen parameters associated with theacteristics of
each isolator.

When the displacement at any of the snubber latsitixceeds the corresponding snubbing
threshold, the governing EOM must be updated towatcfor the snubbing stiffness. It may be
noted that the effective displacement at any pomtthe defined mass is a combination of
translation and rotation, assuming small rotatidimsis the EOM will need to be updated if any
of the following conditions is satisfied:

X—Yr %=X Or X— ¥ Xs—%
Xty %=X Or X+YyXs-—K
X+ X X2 Y  OF %+ X Xs— Y

X=X X2y  OF %— XX%<—y
The snubber thresholdgy , Xor, Yo, Yor, are defined in Eqg. (10) so as to be symmetricahe
fore and aft translating directions and the up doevn vertical directions at each of the
snubbing locations. This has been done so as teethe number of variables and does not
limit the model in any way. This assumption carr&@oved without any loss of generality in
the proposed model.

In order to simplify the EOM formulated in Egs.),(Z5) and (7), the reaction forces
resulting from the spring elements are used tcapthe corresponding terms in the EOM by
making the following substitutions:

1ix = kifx(xi_ Yi XS)

©)

(10)

(11)

In Eq. (11), f1fx and f,  are the reaction forces of the two spring elemantke front and the

1rx
rear end resulting from fore-aft displacements eetigely, and flfy and flry are the reaction

forces of the two spring elements at the front aedr ends resulting from vertical
displacements. All the reaction forces listed in Edl) hold only as long as the fore-aft and
vertical displacements of the isolated mass de&roted the snubbing thresholds. The modified
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EOM of the system, expressed in Egs. (2), (5) &)dcan be re-written using the substitutions
from Eqg. (11) as:

X =%
flfx f1r>< b-'-fx b].rx Ay fx
== (g -y %) (Y %) mvx o St
).<3:X4
f b, a a, f
el B ) B ) ey
X =%
X5 = flfx¥_ flrx%_ flfy%—'— flry | Qfx(x - Y Xe) )/
x by blr (12)
—bll—(xzﬂw%)y =08 %) ) (Of x g
Pl W, L AR W, %1 V\(y+ﬂ

Lo Y | |
Eq. (12) is the governing EOM of the system in Higand can be used even beyond snubbing
displacement thresholds with the replacement ofhalspring element reaction forces by the
corresponding reaction forces resulting from thebsing stiffness. The fore-aft displacement
at the front snubber will result in the followingarction forces:

K (%= Vi %)+ k(%= ¥ % %)+ B X v * %)
if X, =y %= X;
flfx: 3 (13)
Ko (%= 5 %)+ k(%= % %+ %)+ ko * ¥y ¥ X
if Xi_fosS_)%f

In Eqg. (13),kx« is the stiffness of the spring element of the fremubber corresponding to the
displacement alongxtaxis whereassy, corresponds to displacement alongaxis at the front
end. The analogous equations for the fore-aft desgghent at the rear snubber can be expressed
as follows:

K (% % %)+ K (X ¥ %= %)+ K (% Y ¥ X

if >

ERLE AL 3 s
Kie (0 Y %)+ K ( %+ Y %+ X)+ K (3 Yy ¥ X

if Xty X <= X
In Eq. (14),ka is the stiffness of the spring element of the mgarbber corresponding to the
displacement alongx+axis whereass,, corresponds to displacement alongaxis at the rear

end.
The reaction forces resulting from the spring eletsién the vertical direction of motion at

the front end are:
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Ky (% % 6)+ Ky (%+ % %= ¥ )+ B (% x % )

if X+ X X = Y,
fly = (15)

Ky (% + % %)+ o (% % %+ ¥ )+ (3 x % )
if X5+ X, % <—Y,

In Eqg. (15),kzs is the stiffness of the spring element of the fremubber corresponding to the
displacement alongy+axis whereas, corresponds to displacement alongaxis at the front
end.

The reaction forces resulting from the spring eletsién the vertical direction of motion at
the rear end of the mass are as follows:

Ky (%= % %)+ by (%= X %= y)+ k(¥ x % oY)
if x,— >
LR X % > Y, 3 6
Kiy (%= % %)+ ky (%= X %+ ¥)+ k(% x ¥ oY)
if X, —X % <-Y,

In Eq. (16),kay is the stiffness of the spring element of the rarbber corresponding to the
displacement alongy+axis whereass,, corresponds to displacement alongaxis at the rear
end.

The substitution of the relevant reaction forcesmf Eqgs. (13) to (16), in Eqg. (12) yields the
updated EOM when any snubbing threshold, listeBdn (10), is exceeded. This provides the
comprehensive model for the 3-DOF rigid body heid the front and rear isolators and
additionally supplemented with mechanical snublerslimiting displacement, as shown in
Fig. 2.

The model presented in this section incorporate®raé parameters in addition to the
stiffness and damping constants of the front aiad isolators due to incorporation of the four
normalized Bouc-Wen variables. The subsequentaegtiesents the parameter identification
technique that is used to completely charactehigertodel presented in this section.

3. PARAMETER IDENTIFICATION

This section demonstrates the use of parametetifidation in order to characterize all the
constants associated with the model presented @nptlevious section. This paper uses a
conventional least squares based identificatiorhatein order to determine all the constants
associated with the front and rear isolators hgldire rigid body, the constants associated with
the snubbing system limiting the displacement of tigid body and all the parameters
associated with the normalized Bouc-Wen model.

The objective function used for the least squaeset parameter identification is defined as
follows:

Hﬂ_ﬁﬁ‘ (17)
In Eq. (17),f,m is the measured time history of the force trangaito the base frame through
the isolator and the snubbing system. The measuntsn@e made with a load cell under
specific loading conditions, and will be discussedletail in the next sectionf, is the time
history of force transmitted, as predicted by thedei outlined in the previous section. Eq. (17)
represents the norm of the difference betweenithe histories and is minimized in order to
compute the variables associated with the model.
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The following equation expresses the force trartechithrough the rear isolator and the rear
snubbing system in the vertical direction as anmexta of the theoretical force transmitted, as
predicted by the model, for the computation ofdbgective function in Eq. (17):

Ky (Y=%7)+h0, (V- X)+a, W if| y- %< ¥
klry(y_ X7)+ er( y_ )r(f/)_i_ary W
foy =1tk (Y= %7— ¥ )+ ky (¥ xr— %) ify »> y (18)

klry(y_ )W/)—’_ er( y_ )r(7)+ary W
thoy (Y- X7+ %)t ky (Y- xr+ y) iy -y

In Eq. (18),f;y is the force transmitted witkyy, Kory, Kary, b1y @anday, as the parameters that
need to be computed. Additionally, the Bouc-Wernale w,, is a function of the parameters
on, pry @andny, which need to be computed as well. This yield®tal of eight parameters
associated with the characterization of the foraegmitted, as expressed in Eq. (18). It may be
noted that the ODE governing the Bouc-Wen variabletiff and is solved using the ODE
Toolbox in MATLAB® [19].

A similar formulation to that expressed in Eqs.)(&md (18) can be used for the rear isolator
in the fore-aft direction, the front isolator inetlvertical direction and the front isolator in the
fore-aft direction, amounting to a total of thitiye parameters that need to be quantified in
order to completely characterize the model preskint¢he previous section. All the parameters
introduced in the previous section can, therefbee,computed by minimizing the objective
function and using appropriate bounds. The Sedqaler@uadratic Programming (SQP)
algorithm is used for solving the optimization pledh using the Optimization Toolbox in
MATLAB ® [19].

The introduction of the non-linear Bouc-Wen elersantthe governing model can result in
bifurcations. All the Bouc-Wen parameters are ladito specific bounds in order to ensure a
bounded input-bounded output response [16, 17] dredefore, avoid bifurcations resulting
from the non-linear element. The governing model ralso exhibit bifurcations due to the
piecewise discontinuity of the proposed model. Wpecific parameters responsible for
introducing bifurcations need to be identified aadalyzed before using the model for
simulation. This will be discussed further in sulpsent sections. The formulation presented in
this section will be used to characterize a setisofation and snubbing systems in the
subsequent section.

4. RESULTS

This section presents the outcome of parametetifibation using experimental data from
the characterization of a set of elastomeric isotatThe isolators are integrated with their
respective snubbing systems and will be referrecagofront and rear isolators from here
onwards. The characterized isolators are usedeimthdel discussed in the previous sections
for simulation. The simulated response is finalbynpared to experimental results.

A single-axis servo hydraulic actuator is used haracterize the isolators in each of the
translating directions (fore-aft and vertical). Ttlearacterization experiment is repeated four
times in order to capture the characteristics ef filont isolators in the fore-aft and vertical
directions, and the rear isolators in the foreaaftl vertical directions. The experimental set-up
for data collection is shown in Fig. 3. A fixture designed so as to assemble the isolators, and
is shown in Fig. 3 as well. The fixture is designtedbe sufficiently rigid with specific
adjustable features so as to accommodate bothrtme &nd rear isolator assemblies. The
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experimental set-up is used to collect load-dispieent data in order to characterize the front
and rear isolators using the parameter identificatiutlined in Section 3.

Each isolator assembly is pre-loaded in ordernuukite static equilibrium conditions. The
isolators used for experimentation have a circatass-section with the elastomer in shear.
Each isolator assembly consists of a shaft goingutih the center of the elastomer section of
two isolators and connected to the dynamic membtrenisolators as well as the actuator. The
shaft system acts as the snubbing device by preigedg compressing the elastomer section
after overcoming the snubbing gap. The servo-hyiraactuator is used to provide a pre-
defined displacement input at a fixed input frequenSince the load-displacement
characteristics are strain rate dependant, dateoliected at several levels of excitation
frequency. The input frequency is varied fron2to 12Hz, whereas the input displacement
amplitude is chosen so as to cover the entire aligphent range of the isolation system. The
input excitation is provided under displacementtagrand the reaction force, transmitted to the
base frame, is measured by a load cell, as showigir3. The reaction force is measured at a
sampling frequency of 508z. The data collected from some of the experimemntas is shown
in Figs. 4 and 5 in the form of load-displacementves for the front and rear isolators
respectively. It may be noted that the data cablects started after a few hundred cycles of
excitation to allow for the settling of the elasemand stabilization of hysteresis. A substantial
increase in stiffness and a corresponding deciiead&mping can be observed in Figs. 4 and 5,
which is a manifestation of snubbing beyond th@ldisement thresholds of + Indmand -2.5
mmfor the front isolator and + 3.25 mm for the resator, in the fore-aft direction of motion.
The snubbing design of the isolators tested forasdtarization is not symmetrical, resulting in
different reaction forces in the opposite tranalgtilirections. The vertical snubbing thresholds
are found to be +4.50m -5.25mmand +4.75mm -3.75mm for the front and rear isolators
respectively.

The data collected from the front and rear isokisrused for characterization using the
least squares technique outlined in the previouscse and the results are listed in Table 1. It
may be noted that all model parameters are compefeshtedly for each excitation frequency.
All parameters, except the damping constant, aga & change by less than 5% for excitation
frequencies ranging from 2 to Hxz As a result the arithmetic mean of these parammesn be
used without a significant loss of accuracy, theseies are listed in Table 1. This observation
about non-linear parameters of elastomeric is@datas been made in relevant literature as well
[5]. The damping constant, however, is seen togeduith the increasing excitation frequency,
and is replaced by the hysteresis damping constantexplained in Section 2. All
experimentation carried out for this work is coniddc at room temperature with minimal
variation in environmental conditions.

The parameters listed in Table 1 for characterizedt and rear isolators are used for
simulating the response of a three-DOF systemh@wrsin Fig. 2, with a mass of 1Xg and a
mass moment of inertia of Bg-nf about the center of mass. The front isolator ated at
(325, 20)mm and the rear isolator is located at (-320, -B&h with respect to the origin,
defined at the center of mass. A forcing functiamsisting of several unit step inputs with
varying amplitudes and sinusoidal inputs with fregies ranging from 1 toHz is used as the
forcing function for the three-DOF system, actitghee center of mass. The model outlined in
Section 2 is used to compute the displacement riistd the points on the rigid body
corresponding with the location of the front andrresolators along with the force transmitted
to the frame through the front and rear isolattirmay be noted that the time domain response
is computed using the following initial conditions:

X(0)=%(0)= ¥(0)= Y0 =7(0=7(Q= €

Also, the initial condition used for all four BoMen variables is as follows:
WfX(O)ZWrX(O):ny(O):Wy(o):O'
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Fig. 3. Experimental Set-up
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Fig. 4. Measured Force-Displacement Characteristics — Hsofdtor (Fore-aft)
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Fig. 5. Measured Force-Displacement Characteristics — Rekator (Fore-aft)

Table 1. Computed Parameters

Front Front Rear Rear
Parameters Fore-aft Vertical Fore-aft Vertical
(-x) (-fy) (=) 1)
ky (N/mm) 358.5 258.7 410.9 357.6
ko, (N/mm) 21.7 143 29.9 83.2
ks (N/mm) 13.8 90.2 42.4 209.1
h; (N/mm) 28.4 19.5 26.9 31.3
a (N) 2.16 3.33 2.47 2.06
p (1/mm) 0.90 0.85 0.45 0.38
o 0.54 0.95 0.68 1.16
n 1.70 1.54 1.31 1.69

A verification test run is performed to compare #gimulation results with the measured
data. The time history of displacement resultimanfrthe simulation is used as the input to the
front and rear isolators and the correspondingefdaransmitted to the base frame is measured,
using the set up shown in Fig. 3. The simulatiosults are compared with the experimental
data and the comparison is shown in Figs. 6 amgs tan be seen from the two plots, the peak
load between the simulated and measured respories g less than 9% and the general load-
displacement plots demonstrate similar profilehveitroot mean square error of 6.17 and 7.7.
All significant characteristics like the snubbiniiffaess, damping and snubbing transition are
successfully captured by the simulated responsesd& metrics serve as a validation of the
proposed model. Fig. 8 shows the simulated polatsf displacement at the front and rear
isolators that can be used to comprehend the métioting capability of the snubbing system
in order to avoid intermittent contact between tiggd body modeled in this simulation and
other surrounding rigid bodies in applications witiht packaging requirements. Fig. 9 shows
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the time history of all four Bouc-Wen variables folimited interval of time. As can be seen, all
four variables vary between + 1, satisfying thermed input-bounded output condition for the
normalized Bouc-Wen elements [18] used in the mo#erthermore, no bifurcations are

exhibited by the system, which can be confirmednfitbe study of phase portraits. One such
phase portrait, corresponding to vertical displaeetnat the center of mass, resulting from the
simulated response is shown in Fig. 10.

5. CONCLUSIONS

A comprehensive three-DOF model has been propasdtlis paper for the design and
analysis of a mechanical snubbing system integnatédan elastomeric isolation system. A set
of elastomeric isolators is characterized and syesatly used to demonstrate the validity of
the model proposed in this paper. The model isessfal in capturing the strain rate and strain
amplitude dependence of the snubbing system. Théelmman be specifically used as an
analytical tool for design iterations and desigtiragation in order to compute parameters like
the snubbing thresholds and stiffness charactesisif the snubbing system so as to satisfy
conflicting design requirements like maximizing legton, limiting transient displacement and
minimizing transmitted forces. The proposed modeliM also allow a designer to compute the
displacement envelope around the rigid body atiipdocations in order to position other
components around the isolated system and avoidiljesintermittent contact with these
components, especially in the design of chassenalsiées in automotive applications.

Front Isolator - Fore-aft
BODO - - e

O Experimental|:
i | === Simulation :

1000 e e e
0001

s I A S AR S 72 e :

Force Transmitted (N)

2000 - EREREEEE ........... ........... .......... ..........

000l /G SRR IO TR L L :

Displacement (mm)

Fig. 6. Force-Displacement Characteristics — Front Isoléfore-aft)

Unlike other ‘motion limiting’ models in the prevViaig literature for non-linear isolators and
impact oscillators, the model proposed in this papeiecewise non-linear and, therefore, is
not limited to specific strain rates or displacemamplitudes over which the model can be
used. Though the experimentation carried out fog Work has been limited to elastomeric
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isolators and snubbing systems, the formulatiomeseric and will be applicable to other
snubbing systems or hysteretic systems as well.-IMear isolators are known to exhibit
chaotic behavior under certain excitation condgi@i specific values of system parameters.
Future work will focus on comprehending bifurcasamith changing system parameters for the

model proposed in this paper. The transition tootihébehavior will also be studied as part of
future work.
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Fig. 7. Force-Displacement Characteristics — Rear Isol#ore-aft)
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Fig. 8. Displacement Polar Plot — Rear & Front Isolators
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