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Abstract. This study derives the static equilibrium equatidm damaged system on the basis of
stiffness change due to damage as well as theragrisforces at measurements required for
obtaining the measured data. Based on the derigedtiens, this work provides an analytical
method to detect damage from the stress and stnaémgy variations between intact and
damaged truss structures. The applicability of ph@posed method is evaluated in detecting
multiple damages of low rate in the truss strucftmen measured data contaminated by external
noise. It is demonstrated that it is possible wpprly detect damage in an isolated substructure
by partitioning the damage-expected substructucenfran entire structure and using the
displacements measured at the boundary of thetipaeidl subsystem. The partitioning method
has the benefits in reducing the computational tame measured data as well as improving the
effectiveness of the damage detection process.

Keywords: truss, damage detection, static data, constraiohstraint force, equilibrium
equation, structural partitioning.

1. Introduction

Regular inspection and condition assessment of sfiictures are necessary to allow early
detection of any damage and to enable maintenamteepair works at the initial damage phase
so that the structural safety and reliability avamgnteed with minimal costs. Structural damage
detection technique indicates the problem of hototate and detect damage that occurred in a
structure by using the observed changes of itsmigand static characteristics. The structural
identification can be used for structural healthnitaring and damage assessment in a non-
destructive way by tracking changes in relevanticstiral parameters. Damage detection
techniques are realized by collecting necessara digt means of both experimental and
numerical approaches as well as comparing and znglythe difference between the
undamaged and damaged states.

Structural health monitoring has been receiving rawmgng amount of interest from
researchers in diverse fields of engineering. Mamgthods for improved serviceability of
structures have been developed for the non-desteutgchniques with the advent of various
kinds of measuring systems and there have been af lanalytical algorithms for damage
detection. The damage identification methods aessified into two major categories: the
dynamic identification methods using dynamic testiad and the static methods using static test
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data. The dynamic response of a real structurebeaexperimentally measured and compared
with that computed mathematically. In cases of &ngructural systems static tests are easily
executable without any information of masses andpdiag ratios unlike dynamic approaches.
Compared with the static identification techniques, dynamic ones have been developed more
maturely and the associated literature is fairtigpgive. The static methods have attracted much
attention because the accurate deformation omstfaihe structure can be obtained rapidly and
economically.

There have been a few studies on system identditaising measured static data. Sheena et
al. [1] presented an analytical method to assesstifiness matrix by minimizing the difference
between the actual and analytical stiffness matrisebjected to measured displacement
constraints. Minimizing the difference between #pplied and the internal forces, Sanayei and
Scampoli [2] presented a finite element methodstatic parameter identification of structures
by the systematic identification of plate-bendingfreess parameters for a one-third scale,
reinforced-concrete pier-deck model. Sanayei anghédie [3] provided an analytical method to
identify the properties of structural elements fretatic test data such as a set of applied static
forces and another set of measured displacemeiménMing an index of discrepancy between
the model and the measurements, Banan et al.@prpposed the mathematical formulations
of two least-squares parameter estimators thatuatealelement constitutive parameters of a
finite-element model that corresponds to a realcstiral system from measured static response
to a given set of loads. And they investigated ghgformance of the force-error estimator and
the displacement-error estimator.

Cui et al. [6] developed a damage detection algoribased on static displacement and strain.
This method has a difficulty in requiring suffictemeasurement information and load cases. The
problem to identify concentrated cracks in Eulersi®illi beams has been considered based on
displacement measurements available by the sedis {7], [8]. Wang et al. [9] presented a
structural damage identification algorithm usingtist test and changes in natural frequencies.
They presented improved damage signature matchénpgnique to detect damage in the
structure and an iterative estimation scheme tdigpiré¢he damage extent. Bakhtiari-Nejad et al.
[10] provided a method for detecting damage basedtored strain energy in elements and
changes in the static responses of a structurede®aid and Morassi [11] handled an
identification method for detecting a single crdoka beam based on the damage-induced
variations in the static deflection of the beamoiGdt al. [12] considered a system identification
technique using an elastic damage load theoremobiscet al. [13] proposed a damage
detection method for locating and estimating strraitdamage of analytical building models
using geometrical transformation matrix.

Rodriguez et al. [14] presented damage submatnegkod (DSM) that localizes and assess
degradation of stiffness at any structural elenierat building. And they presented an approach
to expand the condensed stiffness matrix of theadguh structure to global coordinates and to
identify the damage. Ozgen and Kim [15] develomethlytical methods to expand the
experimental damping matrix to the size of the yiedl model. Decoupling problem can be
considered as the reverse of the substructuringlgmo Starting from the known dynamic
behavior of the coupled system and from informatibout the remaining part of the structural
system, D’Ambrogio and Fregolent [16] identifiedetldynamic behavior of a structural
subsystem. Based on the dual and primal assemisiybstructures, de Klerk et. al [17] provided
a framework for the various classes of methodsaanththematical description of substructured
problems.

The mechanical response of many real-life struttamd mechanical systems is restricted by
measured response data that can be regarded asagdreonditions. But it is not easy to obtain
the exact equilibrium equation of the damaged sydtecause the number of measured data is
less than full degrees of freedom. Thus, the respaf damaged structural system is predicted
174

© VIBROENGINEERING JOURNAL OF VIBROENGINEERING JUNE 2011.VOLUME 13,ISSUE2. ISSN1392-8716



622.DAMAGE DETECTION OF TRUSS STRUCTURE BASED ON THE VARTION IN AXIAL STRESS AND STRAIN ENERGY PREDICTEFROM
INCOMPLETE MEASUREMENTS EUN-TAIK LEE, HEE-CHANG EUN, TAE-WAN KIM

by simultaneously solving the static equation atamstrained state and constraint equations
which are measured data.

The static response of damaged system can be lheddry the external forces as well as the
constraint forces to be necessary for obtaining mtteasured displacement data of damaged
system. The damage in a static system inducessafastructural stiffness and causes variation
of the static response. The constraint forces gpeessed in terms of the variation of restoring
forces which are deeply related with the stiffness.

A truss structure is a structure which consistaxdél members connected by pin joints. Thus,
each member of the truss structure supports therealtload through axial force and it does not
undergo the bending deformation. The damage irtrties can not be detected by the existing
curvature method or other methods to detect theadarbased on flexural response. The damage
developed in the truss should be evaluated by #iation of the axial deformation, stress and
strain energy.

This study derives a mathematical form to predia tariation in the stiffness matrix
diminished by the damage. Based on the variatios,constrained equilibrium equation and
constraint forces are explicitly derived. Regardihg stress and strain energy variations caused
by the constraint forces as indices to investightedamage, this work provides an analytical
method to detect multiple damages of low damage iratruss structure using measured data
contaminated by noise. It must be effective to cedithe computation time and the number of
measurements for investigating substructures thatagie is expected rather than the entire
system. Partitioning of the damage-expected sutisirel from an entire structure and using the
measured displacements at the boundary, this giteBents a method to detect damage in the
damage-expected substructure. Numerical applicatiorove the validity of the proposed
method.

2. Formulations for constrained responses of a stiatsystem

2.1. Equilibrium equation for the constrained strudure

The existence of damage in a static system yidldstiffness change and different response
that deviates from the initial one. The stiffnessiation requires an updated type of equilibrium
equation to satisfy Hooke’s law. This section desithe equilibrium equation and constraint
forces for the damaged static system from the maditieal form of updated stiffness matrix.

Let us assume thaK , is an nxn initial stiffness matrix,0 is an nx1 displacement
vector, andF is an nx1 given force vector. The equilibrium equation of tkystem is
expressed by:

Kai=F 1)

The displacements of the initial undamaged systencalculated by:

a=K;F 2)
Assume that the initial system was damaged by eatemvironment and the displacements
atm different locations were measured. Thus, the respof the static system is restrictednby
measured displacement data expressed as:
Au=hb ?3)
whereA is an mxn(m<n) Boolean matrix to define the measurement locationis an nx1
damaged actual response vector dndindicates themx1 vector of measured displacements.
The measured data do not coincide with the solufdhe initial equilibrium equation of Eq.
(1) and the equilibrium equation of the damagedesysshould be rewritten by the corrected
stiffness matrix K :
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Ku=(K,+AK)u=F (4a)
or
K qu=F—-AKu (4b)

where the second term in the right-hand side dsribte constraint forces. The constraint forces
are defined as the forces to be required for yatigfthe data at measurements.

In practice the number of equations to representribasurement data of Eq. (3) is less than
the number of full degrees of freedom. Therefore last square method is introduced to
describe the damaged displacements and the condwaie vector is derived as a function of
the variation in stiffness matrix. They are ob&mirby minimizing a cost function and deriving
the updated stiffness matrix. This study utilizes tost function written as:

”K 1/2 KL_k 71a)< 12 (5)

Inserting Eg. (4a) to represent the actual disphace vector into Eq. (3) can be written as:

AK IF=b (6)
In order to insert Eq. (6) into Eq. (5), Eq. (6sdified as follows:

AK ;1/2K élzK -1 511/2K 51/2': _b @)
Let R=AK 51/2 and D = Kglle , and solving Eq. (7) with respect td {a"zK Ik gzD,

we obtain that:

Kg’ZK‘1K§’2D=R+b+(| —R*R» ®)

where ‘+' indicates the Moore-Penrose inverse gnid an arbitrary vector. Introducing the

condition to minimize the cost function of Eq. {8)o Eq. (8) and solving the result with respect
to the arbitrary vector, we obtain that:

y=(| —R+RXD—R+b)+R+Rz (9)
wherez is an arbitrary vector. Substituting Eq. (9) iEq. (8), the result can be written as:
K2k KY2D=R*b+D-R*RD (10)

Again, solving Eqg. (10) with respect t& {a'/zK 1K é’z

K;’ZK‘lK;’Z=(R+b+D—R+RD)D++h(| —DD+) (11)
whereh is an arbitrary matrix. Using the condition to imiize the cost function of Eq. (5) into
Eqg. (11) and solving the result with respect toahgtrary matrix, we obtain that:

, it follows that:

hzll —(R+b+D—R+RDb+KI —DDJr)+sDDJr (12)

wheres s an arbitrary matrix. The substitution of EqRYInto Eq. (11) yields:

K;’ZK‘lKg’Z=(R+b—R+RD)D++| (13)
Premultiplying and postmultiplying both sides of .HG3) by K ;1/2 , the inverse of the

corrected stiffness matrix is expressed as:

K1 =KLk GV2(AK V2] (b - AGYK GV2F) K G2 (14)
Equation (14) represents the inverse of the cadestiffness matrix and incorporates the

effects of damaged responses. The second terne inght-hand side of Eq. (14) represents the

inverse of the stiffness variation. Taking thetfosder approximation for obtaining the stiffness

matrix from Eq. (14), it yields:
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K zKa+K§’2(AK ;1/2)+(b—A0)(K ;1’2F)+K§’2 (15)

Thus, the stiffness variation due to damage basgtl@measured data can be written as:
—1/2Y N

AK =Kg’2(AK al’z) (b—Au)(K al’ZFTKg’Z (16)

Substituting Eqg. (15) into Eq. (4a) with the prageof (K ;1/2F)+K51/2F =1, the static
responses of the damaged system are described by:

u=t+ou=0+K ;Y 2(AK ;2] (b - Ad) (17)

The second term in the right-hand side of Eq. (Efjotes the displacement variation due to
damage. Premultiplying the second term in the #igind side of Eq. (17) by, the
constraint force vector is written as:

F° =K 4(au)=K ¥'2(aK 31/2] (b - Ad) (18)

It is observed from Eq. (18) that the constraintcés increase with the increase in the
displacement gap between two states at the sanigopost means that the response of the
system with damage of high level is described iyngchigh constraint forces on the initial
undamaged system. The results of Egs. (17) andc@iBgide with the ones by Eun et. al [18].

The constraint forces calculated by Eq. (18) extribnzero forces at measurements and zero
forces at unmeasurements because they are redairetitaining the measured displacements.
Thus, it is difficult to obtain the exact responsgsthe unmeasured locations by the derived
equilibrium equation. It indicates that the resmsnef damaged system can be more accurately
described by increasing the number of measurementsbtain enough information for the
damaged system.

The damage existing in the member appears as lighssand strain energy due to the
stiffness deterioration. The displacement variatiothe damaged system of Eq. (17) is related
with the variation in the axial stress and straiergy of truss structure. These variations are
calculated by analyzing the truss structure subgedb the external forces as well as the
constraint forces. This work considers the variaim the stress and strain energy as indices to
evaluate the damage. In the following, we handle &pplications to detect damage based on the
stress and strain energy variations caused byahgtraint forces.

2.2. Athree-bay planar truss

As an example to investigate the validity of thegwsed method to detect damage based on
the variation in stress and strain energy, we c@nsa three-bay planar truss structure shown in
Fig. 1. The truss was modeled by six nodes andetements, and the nodal points and the
members are numbered as shown in Fig. 1. The stussure is subjected to the external forces
of 100 N in the right direction at thd"®iode and 100 N in the upward direction at thendde.

All members have an elastic modulus of 200 GPaaacibss-sectional area @@5x10>m?.

This application considers the truss structure ttt strength of the ™3 element is
deteriorated by 20 %. We assume that four dispteces at nodes 2, 3, 4 and 5 under the
action of the external forces were measured as:

u, v3 v4 us]'=[02 15 24 03[ mm
where u and v represent the horizontal and vertical displacemahtach node, respectively,
and the subscript indicates the node number. Tlasuned data are incomplete to investigate the

responses of the damaged truss as only 4 of afl thegrees of freedom.
Fig. 2 represents the horizontal and vertical comepds of constraint forces calculated by Eg.
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(18). The forces only act on the measured nodescanm@sponding directions. The constraint
forces are defined as the forces to make up th@dadisment gap between two states and thus
they act only on the measurement locations. Thetekiaplacement or stress variations in the
truss structure due to damage are determined bgahstraint forces obtained at all degrees of
freedom. However, the constraint forces based endisplacement responses measured at
several locations provide basic information to obthe variation of the axial stress and strain
energy.

Fig. 3 compares the stress and strain energy iargaestimated by Eq. (18) with the actual
ones. In the figures, the numerical values repteenabsolute values of the stress and strain
energy variations between intact and damaged statissalluded that the damages exist at the
members to exhibit abruptly high stress and steai@rgy variations due to the loss of stiffness.
As presented in the figures, it is determined thatdamage is rarely detected based on the stress
and strain energy variations because the consti@icgs in small truss structure of a few bays
are rarely transferred to the other unmeasured raesriy flexure of upper and lower chords. If
the span is longer so that it is affected by tlexutal behavior, external forces as well as
constraint forces will be transferred along all hens. The following application considers a
truss structure of long span to investigate thatdbnstraint forces can be properly transferred
along the members by flexural behavior.

y
3 © 5
100N —> -
My
®
2 (U
3 @ © 3n
1 : 2 = 4 56 X
100V
e 4m - 4m ~- 4[]'1 N|
= 215 7S 2l
Fig. 1.Athree-bay planar truss
1.5
B3 2
é 0.5r E
X s
15— 5 7 5 5 1 5 i 5
Nodal point Nodal point
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Fig. 2. Distribution of constraint forces; (a) horizont@mponents, (b) vertical components
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Fig. 3. Stress and strain energy variations of single-d@&ahalgree-bay truss; (a) estimated stress variation,
(b) estimated strain energy variation, (¢) acttri@ss variation, (d) actual energy strain variation

2.3. An eight-bay planar truss

This application considers the damage detectiom fte variation in axial stress and strain
energy of an eight-bay planar truss structure. ffires has 16 nodes and 35 elements as shown
in Fig. 4. The nodal points and the members arebsued as indicated in the figure. The
mechanical properties of the truss structure agestime as in the previous truss. We assume that
the static displacements were measured as:

[U3 V3 U5 V5 U7 V7 Ug Vg Upjg Vi Uz V13]T
:[5.7 -91 49 -157 35 -194 22 -179 14 -137 11 —8.0]mm

The number of measured data is incomplete as éhbf &ll the 29 degrees of freedom.

This application considers two cases of two and fdamaged members. The damaged
members were assumed as 10 % strength reductienfifBh case considers the structure of
10 % strength reduction at members 12 and 27.5-igpresents the constraint forces estimated
at 12 measurements along upper chord of the flissaxial stress and strain energy variations
caused by the constraint forces are shown in Fidt & observed from the figures that the
damages locate at the members to represent aliraps €hange but the damage can rarely be
distinguished from the plot of the variation in tlaial strain energy as represented in
undamaged member 9 and damaged member 27.
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Fig. 4. A eight-bay planar truss
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Fig. 5. Distribution of constraint forces; (a) horizont@mponents, (b) vertical components
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Fig. 6. Stress and strain energy variations; (a) estimategss variation, (b) estimated strain energy
variation

Fig. 7 represents stress and strain energy vamatb the truss structure with four damaged
members of 7, 12, 19 and 27 as the second caseoliserved that the damage can be more
accurately detected by the stress variation rath&n the strain energy variation. The plots
indicate that the damage detection at the trudseraf span can be accomplished more clearly
because the estimated constraint forces are pyopamsferred on the entire truss structure
along all members by flexural behavior.

The effect of the noise included in measured degpteent data was investigated. Fig. 8
provides the stress and strain energy variatiomgyuseasured data contaminated by 5 % noise.
It is observed that the noise does rarely affeetptoposed detection method. Fig. 9 presents the
stress and strain energy variations in the trusetstre with 5 % damaged members and 3 %
noise. The plots reveal that the damage levellae® with the magnitude of stress and strain
energy variations but its variation shape is rackignged. Thus it is demonstrated that the stress
variation method can be explicitly utilized regass of the damage level.
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Fig. 7. Stress and strain energy variations; (a) estimategss variation, (b) estimated strain energy
variation
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Fig. 9. Stress and strain energy variations of truss straadf 5 % strength reduction and 3 % noise; (a)
estimated stress variation, (b) estimated stra@mggrnvariation

3. Analysis of partitioned substructures constraind by the measured data
3.1. Equilibrium equation of the partitioned substructure

Sometimes it can be a tedious process to detecagkaifiom the numerical simulation of
finite element model for an entire structure. Ituldbbe more effective to locally and precisely
investigate the substructures that the damage psated. This section handles an analytical
method to detect the damage in the damage-expeagaxh.

Consider a system to be composed of substructusasd in Fig. 10. The entire structure
has (n+ m) degrees of freedom. Partitioning the entire systemtwo subsystems of A and B,
they are expressed biyand m degrees of freedom, respectively. The static nesp® at the

interface between the substructures A and u@, and uE are described by degrees of
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freedom and the responses at their interior regicnri{% and uiB are expressed b{(n—r) and
(m—r) degrees of freedom, respectively. Here, the sigis¢ andb denote the interior and
boundary regions, respectively. We can assumdlibatresponses at the boundary between two
systems were prescribed by the measured data.

L L v L
U e :
\A / = :
& . E
_
ur

@ (b)

Fig. 10.Partitioning of an entire structure; (a) entineisture, (b) partitioned substructures

Assuming that damage in the substructure B exibtsy necessary to investigate more
precisely the subsystem B for diagnosing the darmalge effects of external loads to act on the
substructure A and its physical property shouldnserporated in the measured responses at the
interface of the partitioned substructure B. Tisatitican be interpreted that the substructure is
constrained by the prescribed measurements andibouoonditions.

The equilibrium equations of the substructure B lsanwritten as:

B BT, B B
Kii Kip Ui [_|Fi (19a)
KS Ko up] [Fo
or
KBuB =FB (19b)

where the superscrifg denotes the substructure B. Because the boundappmsesuE were
measured, the responses in the interior regionaoelated by:

uf = (kB8 -k Bug) (20

where ‘-1’ denotes the inverse arki® is the stiffness matrix of full rank.

If the stiffness matrix is not full rank as the dting substructure when the system is
partitioned, the structural analysis is performedizing the measured data as constraints.
Dividing the stiffness matrix of rank deficiencytanthe diagonal and off-diagonal matri;lsg’
and K 5’, Eq. (19b) can be written as:

KBuB-rFB_KkBuB (21)

Expressing the measured data in a matrix formHige(3) and substituting its result and Eg.
(21) into Eqg. (17), the equilibrium equation of thebstructure B can be expressed as:

uB = (K E)fl(FB -K EuB)+ (K 5’)1/2(AK 51/2j+(b —A(K 5’)71(FB ~-KBu B)j (22)

And arranging Eq. (22) and solving it with respéatthe displacement vecton®, the
responses are expressed as:

KBuB =FF (23)
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where
KE =|1+ (K 5’)71K 5 - (K E)llz(AK EMYA(K 5’)71K 5

and
FE — (k8RR 4 K 5’)_1/2(AK 5_1/2j+(b ~Alk 5)‘%:8] _

The solution of Eq. (23) leads to the responsthéninterior region to be partitioned without
solving the full equilibrium equation on the trustsucture. Thus, the derived equation can be
easily and effectively utilized in detecting damagethe local region where the damage is
expected.

3.2. Damage detection by partitioning eight-bay plaar truss

Consider a single-damaged truss structure showiginl1l. The mechanical properties of the
truss structure are the same as in the previosgs.tRredicting that the damage in the structure
exists and partitioning it into two substructuresad B as shown in Fig. 11(a), the damage
detection is only performed in the region B of Fid(b) for the damage to be expected. For this
numerical simulation, we assume that a damage &b 2frength reduction locates at element 32
and the responses at 10 locations including trefatte indicated in Fig. 11(a) were measured.
The measured data are only 10 of all the 29 degrergedom and its number was reduced by
the partitioning.
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[7) 5 @ 7 ] 3 [T B 1 w1
& ) & @ 5 ® a & & @ ] @) N
® @ 8 @ B ® @ B
1 @ 2 @ 3 O &la @ ® i 8 | & | 8 |
P 3 3 » 3 p T

4m 4 An T L d4n 4 A PON gy 4
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1@ — Uz —>Uis
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3m
6 g 1 1 1 1
—f —x
— — — —
U TU Us U T Ui m
! 100N
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Fig. 11. A truss structure and partitioning of damaged gsubsire: (a) an entire truss structure, (b)
substructure partitioned by the damage
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Fig. 12. Displacement responses by partitioning damagestsudture: (a) horizontal displacements, (b)
vertical displacements
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Fig. 13. Stress variation before and after the damageesgéjnated stress variation, (b) actual stress
variation

Because the stiffness matrix of the partitionedstuisture B supported at right end only is
rank deficiency, its responses are calculated uBimg(23) with the measured constraint data.
Fig. 12 compares the horizontal and vertical disptaents analyzing the entire truss structure
and the partitioned substructure. In the figures observed that we cannot find the difference
of the displacement responses calculated by baityses. Determining the internal stresses in
the truss member from the calculated displacemé&ids,13 compares the stress variations in the
truss before and after the damage. The damageédnazen be observed from the stress variation
plot. It is observed that the calculated stressatian similarly matches with the actual stress
variation. It is expected that the difference betwewvo plots comes from less measurement data
than the full number of degrees of freedom. From dpplication, it is concluded that the
partitioning method has merits in reducing the cotaponal time and the measured data as well
as enhancing the effectiveness of the damage tetqobcess.

4. Conclusions

The existence of a damage in a system leads tmdtufication of the stiffness matrix and
static equilibrium equation. This work derived athganatical form on the variation in stiffness
matrix of the damaged system, determined the uddadeilibrium equation and the constraint
forces that are necessary for obtaining the medsdisplacements. We presented an analytical
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method to detect damage from the stress and sin&irgy variations between intact and damage
states due to the constraint forces. It was detratrd that the stress variation could be more
accurately utilized as a damage detection criteti@n the strain energy, variation could be
utilized in detecting the damage of low degree aad rarely affected by external noise. By
modifying the derived equation this work proposednathod to detect the damage of the
partitioned substructures with stiffness matrix rahk deficiency. The partitioning method
enables to reduction of computational time and tjtyaof the measured data as well as leads to
a higher effectiveness of the damage detection. Vdiwlity of the proposed method was
illustrated by presenting several numerical exasiple
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