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Abstract. In the first part of the paper a structural stuafytwo types of 3-DOF parallel
mechanisms with triangle platform is reported. Anparison between their geometric models is
performed. Kinematics and dynamics using NewtoreEfdrmalism for a concrete case of 3-
RRS parallel structure used for orientation appitices (TV satellite antenna or sun tracker) are
presented. In order to get the drive torques, whiehnecessary to overcome the frictions from
the joints, the principle of virtual power is amai The algorithms and simulation results for the
workspace and singularities generation are provifegigrams for the dynamics representation
are computed by means of numerical and graphigallations.
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Introduction

Parallel kinematic structures have a series oaathges that makes them adequate for
construction of mini-robots and micro-robots: atbna positioning on the seating,
miniaturization, stiffness, positioning precisiondarepeatability, actuators separation from the
workspace. For these reasons more and more pamaiehanisms with specified number and
type of degrees of freedom have been proposedtaditd [2-20].

In [1] the 3-DOF spatial parallel symmetrical agdided mechanisms are defined.
Structural archetype schemes of the “a” and “betgpided in three points parallel mechanisms
are presented in the figure 1.

Fig. 1. The “a” and “b” type parallel mechanisms
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The joints surrounded by circles, which are lodatethe proximity of the fixed base,
suggest that these joints are actuated, each wf la@ing 1 DOF. Each kinematic chain, which
connects the fixed base with the mobile platforamtains also a passive joint with 1 DOF and a
passive spherical joint with 3 DOF. Spherical jsioenters are conventionally called guiding
points. In the case of the “a” type mechanismsgihiding points A(i=1,2,3) are moving, each
of them on single DOF curve with respect to theeb#is the case of the “b” type mechanisms,
the guiding points A(i=1, 2, 3) are moving, each of them on a fixedveyointed with the base
respectively on a curve jointed with the mobiletglarhe actuating joints with 1 DOF could be
“R"-revolute or “P"-prismatic.

Kinematic Analysis

To the BB,B; fixed base theOXYZz reference system is attached and to the mobile
platform - theoXy: own reference system (figure 1). The mobile piaise in space is given by

the position vectorOo of the “o” platform centrepp = (X y,z) and through the rotational
matrix: [R]= [R(e,5,7)]-

In the case of “a” type mechanisms the absoluterdinates of theA, (i =1,2,3)
points depend on the actuated coordin@jefrom B, joints and passive coordinatéls from

C, joints:
Xi = >(i(qi ’ui )1Y| :Yi(qi ’ui )!Z| = Zi(qi 1ui )a
=123

By eliminating the passive joint coordinates, the Cartesian equations of the

@)

described curves by thd, points in the fixed frame are obtained:
Fi(Xi’Yi ’Zi)=o 2
Gi(xi’Yi lZi lqi):O (3)
For the “b” type mechanisms thA, (i =1,2,3) absolute coordinates depend only on
the actuated joint coordinate®; while the relative coordinates of th&; (i = 1,2,3) points,
in oxyzreference system, depend on the passive joindowesU, :
X=X (a,) Y, =Y () Z, =Z(q) (4)
X; =X (ui); Y. =Y, (ui); Z =1 (ui) 5)

By eliminating joints coordinates), from (4) and u, from (5), the Cartesian
equations of the described curves by #ge points in the fixed frame and in the mobile frame

are obtained:
F(X,Y,,Z)=0; G(X,Y,Z)=0;i=123 (6)

f.(x.z,y,)=0; g,(x.z.,y,)=0;i=123 (7
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The direct geometric model (DGM)assumes to impose the drive joint coordinates
g,(i = 1,2,3) and to obtain the mobile platform pose through ¥XgY,Z coordinates of the

mobile plate centre and the, g, orientation angles.

The closure equations for the DGM are represehtethe equality of the distances
between the guiding points in these two referegstems:

P -R|=]p, - ] (.0)=@2), (23, 31 (8)
Through numerical solution of the nonlinear equatsystem (8) the passive joint

coordinatea;i are obtained.

In the case of “a” type mechanisms the absolutedinates of the guiding points with
(1) and then the position of the “0” point and thebile platform orientation are computed.
In the case of “b” type mechanisms the relativerdmates of the same points are computed
with (5) and then from the system:

(P-Py=pr;i=1,23 )

which allows explicit solution, are computed the)Y ,Z coordinates of the mobile platform

center and subsequently the mobile platform ortenta

The inverse geometrical model (IGM)assumes to impose the mobile platform
coordinates and to compute the drive joint coottdisia

As the mechanism has only 3 DOF, the main probieno define three implicit
functions, which connect the variableg,y,z,«, s,y . Establishment of theses implicit

functions is different for the mechanisms “a” at.“
In the case of mechanism of type “a”, the implitinction system is given by the

equations (2) of the fixed surfaces, on which tbengs A; are moving. In these equations the
variables X;,Y,,Z; are replaced by their expressions with respetit@édCartesian coordinates
of the mobile plate:

[Xi Y. Z ]T = [X Y Z]T +[R][Xi Yi % ]T (10)
It yields:
H =H(XY.Za,f,y)=0 (11)

In the case of mechanism of type “b” the deterniimabf the implicit functions is much more
complicated.
Relative coordinate expressions with respecteaatisolute ones are replaced in (7):

x vy z] =R [X,-x Y-y z-Z] (12)
and it yields the equations of the curveg in the fixed base reference system, which are
jointed to the mobile plate:
f.(X Y .2, XY ,Z,e,B,7)=0; i=123 (13)
9.(X,Y,,Z,, X Y,Z,a,B,7)=0; i=123 (14)
The implicit functions are obtained through asatich of the equations (6), (13) and

190

VIBROMECHANIKA . JOURNAL OF VIBROENGINEERING 2009 MARCH, VOLUME 11,IssUEL, ISSN1392-8716



446.0N THE KINEMATICS AND DYNAMICS OF 3-DOF PARALLEL ROBOTS WITHTRIANGLE PLATFORM
TIBERIU ITUL, DOINA PISLA

(14) and elimination of the; ,Y;,z; variables:
H =H,(X,Y,Z,a,8,7)=0; i=123 (15)

The determination of the main and secondary coatdm triplet is performed through the
calculus of theC? = 20 Jacobians of the functiond, ,H,,H, with respect to three variables

from the six Cartesian coordinatésY, Z,q, g, y of the mobile plate.
In the “a” case, if the guiding points are imposedemain in arbitrary planes, then the
implicit functions are linear functions with respée the X )Y ,Z variables:

H,=a,X+bY+cZ+d +e(a,B,7)=0;i=123 (16)

The Jacobian, which corresponds to gy, Z triplet is in this case constant:

al bl Cl
D(H, H.H) | & (17)
D(XY,Z) zoz

a, b

o

3 3

If the Jacobian is also non-zero, then the secgnpasition coordinates could be expressed
with respect to the main orientation coordinates:

X=X, B.y)Y=Y(B.y):Z=2(ap.r) (18)

A particular case of the “a” type mechanisms isspnted in figure 2 when the guiding
points form an equilateral triangle and they meshain in the planes which contain the OZ
axis, symmetrical disposed apo° (the first plane isXOZ ), then the main coordinates are

Z,a,p and the secondary ane, Z,y . If [R]= |Ryu) y( .5, | then:

x:%r[(hsza)w—cza]:Y:—rsaSﬁ; y=as (19)

Fig. 2. The 3-RRS parallel mechanism
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Generally, the computing of the secondary cootdmaf the mobile platform is made
through the solution of the implicit equation syste

In the case “a” the actuating joint coordinategeqult from the equations (3) and in the
case “b” the actuating joint coordinatgsegult from (4).

The kinematic modelis obtained for the same 3-RRS mechanism (figyrthdugh
the differentiation of the vector form of the inpuitput equations:

P-P)S-1"=0i=123 (20)
The kinematic model will be:
[AIX =[B]q, (21)

where,X = [(ﬂ, Q,Z], q = [quz'QP,]

[ — R - - B = = P
(Pl_an)@ (F:)L_an)a_é (R_inl)a_z
55 6 R 6@
5B G B G ®
FR)T ER) T ER)T
Q©“-q) O 0
[B=L) 0 su-q) 0 |
0 0 qu-q)
R, =0C

Workspace Analysis

For workspace mechanisms generation three methiedsedl-known:
1. Method which uses the inverse geometrical model;
2. Method which uses the direct geometrical model;
3. Method in which the Cartesian workspace resdtan intersection of the workspace for each
kinematical chain.
In this paper the workspace analysis is performed‘nmixed” coordinates, because this
mechanism will be used for orientation applications
Thus, we intend to find out the workspace in opera coordinates, 5,Z , so-called

“pseudo-space”, because it can be for it a volumgebmetrical sense.
The MGI Method

Using this method, we can determine the points thatong to the working pseudo-
sections from the & " planes at successive levels of “Z". The algoritbfrthis method is as

follow:
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- the level of the center of the mobile platforningposed:

Z(p)=Z,, +p-pasZ, wherep=0,...n;

- the plane ap " at the Z(p) level is scanned:

o) =a,,, +]j-past, wherej=0,...,n;

B(k) =B, + k-paP,wherek =0,...,n,;

- the absolute coordinates of the spherical jaintsrdinates are calculated;
- the closure equations coefficients tq +b,sq =c,”

are calculated;

- the first constraint is verified4; = aiz + bi2 - ciz >0

- the actuating joint coordinates are calculated:

sq . .
qizatanzc—; i=1,2,3

- the second constraint is calculated:
qmin S qi S qmax; i:11213;
- the passive joint coordinatescould be computed;
- the rotation angle from the spherical joint isnputed:

cs, cu, cd, cu, R
), =| s, cu, |-[R]-| s, cu, |; 1 =1,2,3;u, :acosl—_r
-su —su,

- the third constraint is verified (only for realts):
T
cg, 2cos(, ); 6, = 1

If all the constraints are verified, the tripletk(p) is valid, which has the coordinates
a;,B,Z,. The point Pjxp=P(aj,Bk,Zp)is represented in the pseudo-space of the

coordinates & £ Z ". The robot pseudo-space consists of all valichfzoi

The MGD method

Using this method we calculate the conventional ntsoi defined by the
coordinates, B, Z , which can be reached by the mobile platform. pbit cloud represents

the robot pseudo-workspace.
The algorithm of this method is as follow:
- the actuating joint coordinates space is scanned:

q,0) =4, + - pasq; d,(k)=q,,, +k- pasq;
9,(P)=0q,, + P- pasq; j,k,p=0,...Nn;

- for every triplet (j,k,p) the system of the inpudtput equations is solved;

3

- thus, n® conventional pointsP, = P(e,, #,, Z,) are obtained, which are represented in the

coordinate system 8 Z .
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Singularity Analysis

According to [13] there are three singularity typesst type of singularities occurs
when the det(B= 0, which means the case when active and pagsiecoordinates are equal:

g; =U;; i =1,2,3. This configuration has a practical intetption: the arms and the guiding

bars for the kinematical chains are collinedecond type of singularitiesoccurs when the
det(A) = 0. Geometrically, these singularities are entenenl in the configurations where the
guiding bars are in the mobile platform plane. Tthed type of singularities, so-called
architectural singularities, is present when batbobian determinants are zero. These types of
singularities can be easily avoided in the desigges

Dynamic Analysis

The dynamics consists of finding the relationsiipsveen the actuating joint torques
Qi (i=1,2,3) and the laws of motion of the mobiletpla

The same 3-RRS parallel mechanism used for orienta considered, that is with the
base lied on the vertical wall, the X axis orientedhe top and the Z axis oriented to the south.
If [R] = le(a V(A )2y )J then thex = ¢ andp= 0 are the azimuth and elevation angles.

In the dynamic study, several simplifying hypotreseere adopted: firstly, all joints
frictionless and secondly, the inertia of guidimga AC; is neglected.

The mechanism dynamics using the Newton-Euler iayerformed into two steps: In
the first step the upper part of the structure amimg the working platform and dish is
separated from the rest of the mechanism (figure 3)

Fig. 3.Step 1 Figy.Step 2
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The Newton-Euler equations, which are modeling tfagion of the mobile working
platform and dish, allow the determination of theherical joints reaction components

H(H,,H,,H,) andV(V,V, V,). In the second step, the@A; kinematic chain is separated
and all forces are introduced (figure 4). The monegjuation relative to the; Bint axis allows
finding the active torque Q

M, L2
3

Qi:_vil-s(qi_ui)+ qi+MLg%Sq Cé‘i;i=1,2,3 (22)
where M is mass ofB,C, link.

For the friction forces approximation the modettw# viscous friction together with the
model of Coulomb friction is chosen. A friction ¢pre in a passive joint is a vector situated
along the relative rotational speed of the considdink with respect to the previous link
(belonging to the same kinematic chain) (figure 5):

I\chi = _(Cr + U d |V|

- ~0,)=k, (U -1 ) (23)
2fo-a]"
- d, JH?
Miy =aruy |_—un| )= (24)
ke (F-1)

In the B; active point the friction torque is:

d, VV2+(M_gcs )’ + VM gcsc
My, =—(Co+u 7‘/ (M.9 L 2 g - (25)

Fig. 5. The friction torques
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H, .V, - reaction force component from the sphericaltjofp; c_,c, ,c, - viscous coefficient
from spherical joint, passive joint and active joine_,u, 1, - Coulomb friction coefficients
from the same joints;d, ,d, - diameters of the rotational joint spindld; - diameter of the
spherical joint ball;n, - unit vector of B, and C, axes; @ - absolute angular speed of the
mobile plate;q =g 1, and U = u.n - absolute angular speed &C, and respectivelC, A
link.

In order to get the drive torques which are neggdsaovercome the frictions from the
jointsthe principle of virtual power is applied.

Q_f'q;"—émfsi q +§1|chi (Uu _di )+§1|Wf/s‘» (5—5. )=0 (25)
Finally it yields:
Qi | | ka@ k(g -11) Ki(0, —q)+k, (0, -20-n)
Qi |=| kuth +Ka(G ) [+[3,]] k(0 —¢) + k(0 - 20-7L) |+
Qi | kel +ka(g—1) Ko(U — ) +Ko (0 — 20 1,) (26)
a)x
+(k, +k, +k, )] @
Q.

z

where [Ju] and [Jw] are Jacobi matrices that connect the passivesjowlocities vectors

and the angular velocit@ of the mobile platform to the velocity vector otiae joints.
The total generalized forces will be:

Qm =Q; + Q¢ (@7)
Simulation Tests

As an application, a parallel mechanism 3-RRS wWlita following design data is
considered:

R=045m; L=040m; | = 060m; r = 015m
01 =061=0% 02 =65 =120; d3 =55 =240

For the workspace representation, a program usiig has been developed. By means of this
program the pseudo-sectionef"” at different levels of Z[Zin, Zmad Can be represented;

Zw =L = +1 =Ry, Z,, =4(L+])? —(R-T)*

The program has a graphical interface, which alltives choice between the section
visualization within the workspace, using realaeal joints.

Figure 6 demonstrates section visualization at ZZZ4m and Z=81.61 cm using real
joints. The maximal areas are obtained for valdeésia the range of 74-82 cm.
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f Z=7471cm

8 oL

—45 22 0 422 45 —45 22 0 422 45
Fig. 6. Section visualization using real joints

For the singularity identification, the graphicapresentation of the surface given by an
implicit equation det(A = 0 is difficult, the Z-coordinate is imposed atite level curves
(isohypses) of the determinants are representeithelfigure 7 the level curves respectively the
singularities curves (with the "0” values) are $iitated. These curves represent the values of the
Jacobi matrix determinant A for different valuesZzofoordinate.

w

p 7 =285,053 cm

—45 736 "7 718 79 0 9 18 27 36 45

Fig. 7. The level curves of det(A)

Regarding the dynamics, the chosen inertia datather parallel mechanism are:
p=0.136m M =8.8kg M| =0.5kg;ly=1y=0.57kg-m?; |, =0.5kg- m?. The selected
displacement of the working platform has the eaunesti

Z=085m
2. =%sin/1k, 0, =%cosﬂk, k=12,...8
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u ot 3 T (t 2
ik=—22_k L2 (5 ;tk:O,kzs
27z° \ k 37 k 8
t, R
T, = =—%_: 7, [01] normalizedtime

tkmax ksl

8

Considering friction effecthe input data are:

d = 00%d, =0012d =0016 ¢ =c = 002c, = 004
% 2

ﬂr,RZ(ﬂ+d—)/(\/1+ﬂ ), u=02;s=0.0005
rR

The center of mobile plate for all k = 1,2,...,8 ladsscribes in the plan& =0.85m a
pseudo-ellipse with the semi ax@97-10°m and 9.78-10°m. The generalized torqueg,

have been evaluated for all k motion laws.
In the figures 8 and 9 are presented the genedali@ee diagrams for k = 2 si 4.

60 T T T
Q1m n.?2 30 — ]
Q@2m -, 0k PN ]
Q3m n.2 oo T
_30 — 4 p—
—60 L L
0 0.25 0.5 0.75 1

Tn
Fig. 8. Generalized torques for k=2

60 T T T
Qlm n.4 30 [~ =
Q2m n,4 0f - —
Q3m ., | N et
—60 ] ] ]
0 0.25 0.5 0.75 1

Tn
Fig. 9. Generalized torques for k=4
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Conclusions

Unitary approach encompassing some classes of B{ix@allel robots with triangular
platform was proposed in this paper. Geometricatlet® for two parallel mechanisms types
guided in three points and having three degreefeafdom were compared in the reported
study. The obtained results indicate that in treeaa “a” type mechanisms the expressions for
the geometrical model and the implicit equationsnfare less complex in comparison to the
case of “b” type mechanisms. This leads to the lesiun that it is recommended to build
parallel robots of type “a”.

The solution obtained for the system proposed haredetermine the workspace and
singularities for this parallel structure can bengralized to some other parallel structures or
parallel robots with three degrees of freedom. Btessapplications of the studied 3-RRS
parallel structure are antenna orientation or sacker.

Kinematic and dynamic modeling of a 3-DOF paraleéchanism for orientation
applications are also presented in the paper. Dynamdels with and without friction were
obtained. Diagrams for the dynamics representatiere determined using numerical as well as
graphical simulations.
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