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Abstract. A linear stationary dynamical system that is esatiby a sequence of unit impulses is
considered. The method is based on the system s@mpeksponse formant decomposition. A
new system parameter estimation method based amdelation of the system output process
and explicit Levenberg optimization method is presd. The method efficiency is verified
using simulated and real data.
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Introduction

The system is driven by the input variaki(t) at time moment. The output of the
system is the convolution of the inpuft) and the impulse respong:t), and can be
calculated as the convolution integral:

y(©) = [y (D) -ult - ar. 1)

It is well known that system responyift) to Dirac delta functiord(t) is equal to the
impulse respons(t) = h(t). In the case when the system is excited by a seguefd(t)
functionsé (t), 6(t —T), 6(t — 2T),...,6(t — K - T) whereT is the time period an¥ is equal
to int(t/K), the output of the system is periodic and is esged as a sum of shifted impulse
responses:

y(t+k-T) = XE_ h(t+nT), 0<t <T, (2)
for some large enough intecfer

In order to obtain the impulse response of a mdchhrystem, the system is driven by a
hammer blow. To get the impulse response of artrelac filter, the filter is driven by a very
narrow impulse. Using a single blow or impulse @ reliable for obtaining impulse response.
It seems that it is better to excite the systenalsgquence of blows or impulses with pefod
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But as we see from equation (2), in this case timput of the system is not the impulse
response but the convolution of shifted impulsgoeses. One can simplify the situation by
assuming that the impulse response of the systesansping rapidly and assuming that, for
exampleh(t+2-T) = 0 for all t = 0. Then the output of the systeu(t) in the interval
[k-T,k-T+T),k > 0is expressed as follows:

y(t+k-T) =h(t)+h(t+T). 3)
The impulse respongz(t) can be expressed as a sum of finite nurnbef formantsf; (t):
h(t) =XZ:1 £ (0. 4)

In general case, the formafi(t) is a mixture of a damped sinusoid andIzith degree
polynomial with frequenciesw;, damping factors4;, amplitudeSn,Ln,g,...)n,L:, and phases

@i Pizs s Pu[4]:

ﬁ(t) = e}'ir{a:: Sil’l[{u: + 'p:l} + a:ZtSin(a’:t + ‘P:’Z) +
-+ a, tFsin(w it + @) (5)

From (3)-(4) we can obtain the following expression
yit+i-T) =XB(fi(t)+fit+T))0<t<T. (6)

Our task is to develop an algorithm for estimatpa@yameters(4;, w;, a;;, ®;;) of the
formants f;(t) of the impulse responseh(t) using a given sequence
y(0),y(at)v(2at), ... y((N—1) & t) of the measured equidistant samples of two periods
[k-T.(k+2)-T) of v(t). Denote by@ a vector that consists of damping factors and
frequencies and kg a vector that consists of amplitudes and phases:

B‘ = [}21,&31, ...Zm, I':I.Jm]T,
_ r (0
a = [ﬂnr‘Pn:---rﬂKg‘PK,l:---rﬂm1r‘Pm1r---:ﬂme:‘Pme]

Denote byy,. ¥, vectors whose coordinates are measured samples:
y1=D0)y(at), .. y(N/2-1) a8)]",

y2=Dy((3) at). (@ -D a0 ©
Levenberg optimization method

Levenberg optimization method was applied for eastiom of parameters of model (4)-(5)
in the case when the data was without convolutiosh sampled fronfi(t) [2-3]. The method
was based on the basis signal space model. Thiglnwmdepresented by a mati§(8) of
dimensionN x k whose columns are products of damped cosinusaitthkinusoidal functions
and t powers. Denote by a vector of measured equidistant samplesh(t) , by x(a) a
column-vector of amplitudes and kg a column-vector of errors. Then the model can be
presented as follows:

y=5(0)-x(a)+e. (9)
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The model (3-6) differs a little from (9)eLSs,(8) be a matrix that is equal to the upper
half of the matrix§(8), andS,(8) be a matrix that is equal to the lower half of thatrix
$(8). In a vector form our model is as follows:

_[S:(0) +5,8)] e
bl - 5,(8) +5.(8)) X @+ [e2]: (10)
Denote
_ [51(0) +52(0)
*® = [s) 1510 -
and
y = ;;],e = [2] (12)
Then our model is of the same form as (9):
y=@(0)-x(a) te. (13)

Denote byly the identity matrix of siz&V x N, P44, the orthogonal projector onto the column
space ofP(8):

Py = @(0)(2(6)"®(8)) '@ (6)T, (14)

and byPi,-,,L-ﬁ.:I the orthogonal projector onto the orthogonal canpnt of the column space of
@(0):

Pi:,a_. =1Iy— Pda.:,a..- (15)

Then the problem reduces to determination of estimaf parameter@ that minimize the
functional [5]:

r(8) = ||Pse -yl - (16)

In other words, we try to choose the damgactorsi; and frequenciew; that the error
would be as small as possible. After estimatingphamete®, the amplitudes and phases are
estimated by a simple least squares method. Levgnimethod for minimization of the
functionalr; (-) is an iterative procedure of updating an initisiirate offl. Let D stands for
the Frechet derivative of a mapping. Th¥(8) = DP§4,y is an N xk matrix, and
b(8) = P34, y is anN x 1 vector. Denote b¥, the identity matrix of sizé x &, and byc;
the constant of Levenberg algorithm in tixh iteration (usuallycy, = 0.001). An iterative
procedure for updating estimates is as follows:

6" = @' — (VT (8" )V(8') + c 1) VT (6")b(6"). 17)
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It is not difficult to modify the explicit algoritin to solve (17) that is presented in [2-3] and
applied for data without convolution to our casé&§3We implemented Levenberg algorithm in
Visual Studio 2005 VB. Net language using BlueBitrix library for matrix operations.

An algorithm to calculate the matrix V(8)

Denote byB a special generalized inverse of the basic sigredtix @ satisfying the
equations:

$Bd = b,
(@B)" =@, (18)
B®B = B.

B has the following additional properties:

®B = Py,

B® = I,,. (19)
It is shown in [4] that:
DP; = —P,D®B — (P3D®B)T. (20)

The matrixB is obtained using a stande@®- decomposition of the matrd. Denote by
S ak x k permutation matrix, b, ak x k upper triangular matrix with decreasing diagonal
Tl
0(.\'—k_|xk
by addingV — k zero rows. Then the matrB.is calculated as follows:

elements, by? aN x N orthogonal matrix, and blj = [ ] a matrix obtained frorTy

B = S[Tfl ﬂkx-.','c—k-]QT- (21)

Since a differential operatiogg—_ is linear, then one can use the following exprasdior
calculation ofD@:

25,51 (0) +5- 5 2(0)
25,51(0) +5 5 2(0)

(22)

The elements,,, of the matricess, (8) and$,(8) are analytic functions of the coordinaf;s
andd,, of the parameter vect# that correspond to the dampmg faciqr and frequencyn,,

Thus it is not difficult to calculate 51(8) or s.,ge) For example, if
g = (i —1)'e*m 9. cos(w,, (z—l))thenthedenvatlve

ajis” = —(i — 1)*etn (=D . sin(w,, - (i — 1))

To conclude, the matrill(8) = DPg 4,y is calculated in four steps:
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Calculate the matriB using@ k- decomposition of the matr@ (21);
Calculate the Frechet derivatiP:® of the basic signal matr@ (22);
Obtain the projectcPz by (14,15);

Finally, calculate¥(8) using (20).

PwdpPR

Simulation results

In order to check the algorithm of deconvolutiodham output process using Levenberg
method (17) we did the calculations with the sineda data. LetAt = 1/‘48005;

T = At -800; N = 1600. The impulse response of our system was as follows:

h(At - i) = 10°(At)2i2e~3008¢1 5in (27600 - At - i +
n/2), i =0,1,...,1600. (23)

The output process of our system was producedioyuia (3) and adding white Gaussian
noise (Fig. 1).
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Fig. 1. The simulated system output process.

The initial data for Levenberg algorithm is presehin table 1.

Table 1. Initial data for Levenberg algorithm

Size Dimension
Initial 500 [Hz]
frequency
Initial -160 [1/s]
damping
Number of 31 [units]
iterations

The output process deconvolution was realized eynbkthod, presented in this paper. The
estimated impulse response is presented in Fig.2.
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Fig. 2. The estimated impulse response of the simulatsig sy

In order to investigate the influence of addith@se the calculations of the deconvolution
were made with different noise value. The summdryesults is presented in Fig. 3, where
relative signal estimation error is put on the igaittaxis and signal-to-noise ratio (SNR) is put
on the horizontal axis. These values are calculatedg standard signal processing formulas
[4] depending on generated noise dispersion anthkagstimate obtained.

Relative error [%o]

0 A A

30

N

0 5 10 15 20 2

Signal tonoigeratio [dB]

Fig. 3. Relative error versus SNR

The investigation demonstrated that when SNR igetathan 10 dB the precision of
estimation of impulse response is more than 10%.

Modeling of a mechanical system

In order to check the effectiveness of the mettoodeal mechanical systems a laboratory
experiment was carried out by registering the tibrain one point of an elastic band fastened
to a massive stand excited by a hammer blow into dtand. Experimental equipment is
illustrated in Fig. 4.
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2

Fig. 4. Equipment for investigation of oscillations of thand:
1 — piezoelectric accelerometer; 2 — band, 3 -dstan

The oscillations from the accelerometer were fieanad into the computer by means of
the microphone input of the sound card and souodrdéng program. The data was registered
in PCM (pulse code modulation) format with atttidés1 48,000 kHz and 16 bit Stereo. Since
sensing element measures the motion acceleratiengfore in order to get the way of the
motion the data was digitally integrated two tim@ssides the oscilations with frequency larger
than 5000 Hz were filtered. To model the impulsgpomse of the band in the fixed point the
method presented above was used. Two fragmentseediammer blow response are provided
in Fig. 5.

10000 -

-10000 -

Displacement, rel. units

-20000
0 0.02 0.04 0.06 0.08

Time, s
Fig. 5. Two fragments of the measured data

The oscillation amplitudes were measured in nadatinits from the interval (-20000,
20000). That is related to the format of the regiest data. If one wants to get the amplitudes of
oscillations in real units, for example, in micrpnalibration of the data must be carried out.

In order to get the entire model of the impulssponse, the data was filtered as in [1] and
used as the initial data for Levenberg algorithnie Tfollowing frequency ranges were
investigated: 1 - 200 Hz, 200 — 1000 Hz, 1000 —02B@, 2000 — 2960 Hz, 2960 — 3420 Hz,
3200 — 3320 Hz, 3320 — 3420 Hz, 3420 — 4000 Hz,04605000 Hz. The range of
3000 — 4000 Hz was divided into more bands sinceriEp analysis shows that the signal
energy is concentrated mostly in this region. Weutated as many formants of the model in a
specific band as there were peaks of the data &otnransform in this band. Taking into
account the model accuracy and calculation resuéhave chosen the third order formants.
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An i-th formant g;(t) is expressed by the following formula:

g:(t) =
0, sin(2nft + @) + apfyte’d sin(2nfit + @) +
agfy’t?e™ sin(2nfit + @;3) (24)
herea;, is the first amplitude measured in uniii; —the second amplitude measured in
units-Hz ; a; —the third amplitude measured imits-Hz*: ¢, @2, @3 - the phases
measured in radiand; - the damping factor measured in Ifs: the frequency measured in
Hz; f;. — the sampling frequency measured in Hz. In te@have calculated 15 formants.

The values of the formant model parameters areepted in Table 2.

TABLE 2: The values of frequendfy and damping factdt of the formants : a) formant No 1 —

6; b) formant No 7-12; c) formant No 13 — 15.

a)
No 1 2 3 4 5
f 88 403 595 808 920
A -113 -155 -177 -99 -299
aq 3598 2535 3960 3056 2947
as 38,6 34,6 107,8 26,3 134,7

a, | 00845| 0117 | 0458 00497 0,95
@, | 3139 1526 | -243] -09706 1,254
@, | 01745| -1,74 | 0606 1,953  -1,32
@, | 2854 | 1,335 | -2.86] -1,3511 1,964

b)
No 6 7 8 9 10
f 1050 1612 2198 2774 3284
A -407 -707 -384 -382 -136
ay 1502 1908 3052 3339 5987
as 106,5 268,7 245,6 4843 117,6

a, | 0,8962 | 4,7812| 2811 5,899 0,8173pD
@ | 1,1846 | -2,429| 2,0574 -0,85 -3,0892
@, | -2,901 | 0,3985| -1,604 2,673 2,5077
@y | 0,2733 | -2,738| 11,3893 -0,47 -0,730%

c)
No 11 12 13 14 15
f 3497 3702 4647 4187 4858
A -131 -119 -97 -1307 -231
ay 3415 1061 1303 3065 1918
[+ 53 98,6 27,9 19,7 652,1 90,7

Qs 0,7906 0,1948 0,0877 25,09 0,43
P4 -0,330 1,547 -1,608 2,794 0,11
@ 2,8006 2,2623 0,5666 -1,25 3,02
("' -0,418 -0,3436 -2,494 1,867 -0,1

F e N e
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In Fig. 6 the impulse response of the modeled sy&epresented.
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Fig. 6. The impulse response of the band in the fixedtpoin

Fig. 7 presents more detailed comparison of theeteadmpulse response and data.
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Fig. 7. Comparison of the data and modeled impulse regpons
a) in the time interval (0, 0.01); b) in the intel¢0.02, 0.03)
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In Fig. 9 we present the magnitude responses ofldkee from the time interval (0, 0.046)
and the modeled impulse response.
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's"-: -------- Data
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]

b :

EH‘ i _;J“\ﬂ

=] 0 NS LA
2000 3000 4000 5000

Frequency,Hz

Fig. 8. The magnitude responses of the initial fragmenhef
data and the model

Fig. 9 demonstrates that the model sufficientlyctlyamatches real oscillations, although
in order to fit the data exactly, one needs to adthe three formants (see the frequency
intervals 2000-2050 Hz, 3000-3050 Hz, 4000-4050 Hz.

6. Conclusions

A new oscillation modeling method based on signatleling by quasi-polynomials using
an iterative Levenberg optimization procedure hesnbpresented when the data is the system
response to a sequence of delta impulses. Matheahdtirmulas have been derived and an
explicit parameter estimation method has been ptede Provided modeling examples
demonstrate efficiency of the method. The papeseed the results of the elastic band
impulse response modeling using hammer blow regpdata registered in a computer via the
microphone input of the sound card.
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