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Abstract. The article is devoted to the parametrical analgbjgeriodic and chaotic oscillations in the noakin dynamical
systems. Description of the systematic approadheoconstruction of bifurcation diagrams is offetedyour attention.
Considered approach allows us to build completertéftion diagrams. These diagrams allow to find amnestigate
regimes, analysis of which is inaccessible by tradil methods. Such approach is used in the mettiocbmplete
bifurcation groups and realized in the software BRR Description of method of complete bifurcatignroups and
results of using of this method for the parametrialysis of the nonlinear dynamic systems is pteskin this article.
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Introduction to the method of complete bifurcation dynamical systems of different nature. We thinkatth
group amount of different topologies of bifurcation greus
limited.

Method of complete bifurcation groups allows to get
complete bifurcation diagrams. These diagrams ar&oftware SPRING
contained more information, what traditional diagsa
and allows to use the systematic approaches to thei The software SPRING is developed in Riga Technical

analysis and investigation. University in a group under guidance of professor
Method of Comp|ete bifurcation group consists & th M.V.ZaerheVSky. SPR'NG contains realization of hmis
solve of the following problems: and approaches which many years was developedsaulin

1. Search of all periodic regimes at some fixed valuehis group [2]. . _
of parameters. It is necessary to find all stalrld a SPRING is the instrument of research of the statipn

unstable, harmonic and subharmonic periodidPeriodic and non-periodic, stable and unstablg)nmes of
solutions. The subharmonic solutions should beoscillations in the nonlinear dynamical systemstlu basis

found up to the some order. At the case of numerdf numeral simulation of their behavior. Investightobject
solution the task can be solved only with somes @ mathematical model, described on the badiseo$ystem
resolution. of ordinary differential equations, for which thpevator of

2. Using a method of continuation on parameter and giscrete mapping is defined, or directly as a éi'emapping
hypothesis about a continuity of a branch of sequation. SPRING allows to investigate any nonlinea
bifurcation diagram, need to construct branches offynamic systems, containing the arbitrary set oftiooous
diagram corresponding to each found regime. Ind piecewise forces, instantaneous influencesnapalcts.
most cases on the branches of diagram corresponding In the SPRING six basic tools of research of the
to unstable regimes, the greater or smaller stabldynamical systems are offered [S]me histories tools
fragments will be found. Collection of branches ofallows to calculate projections of phase trajectamy points
the bifurcation diagram, received as a result aese Of discrete mapping;outline mapping tools allows to
of bifurcations, we shall call as bifurcation group ~ construct points of discrete mapping of phase ttajees

3. On the basis of method of complete bifurcationfamily with initial points on the contour in a plaglane,
groups the systematic approach to the investigatiofieady state tools allows to search and analysis of
of the nonlinear dynamic systems is possible. Suckharacteristics of the stable and unstable periceigmes;

approach is implied by knowledge of typical bifurcation diagram tools allows to construct complete
structures of bifurcation groups of the nonlinearbifurcation diagrams, containing the branches ablst and
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unstable solutions, by the method of motion on grocesses at the different values of the variablampeter. In
parameter;bifurcation map tools allows to construct this simplest realization the calculation of tramsi is
bifurcation maps by the method of motion on aexecuted in a current of some time and then a &stvdoints
bifurcation bordercell-to-cell mapping tools allows to  of discrete mapping is saved on a graphic. If thesats
construct basins of attraction of the stationamyimes have same coordinates, it is a periodic regime thighperiod
[3,4]. of excitation force P1. If points repeats oneseithvsome

One of basic possibilities of software SPRING isperiod, it is the subharmonic regime of proper o (for
application of method of complete bifurcation gredpr ~ example regime P3). And if points do not repeatsseif

the construction of complete bifurcation diagrams. even upon termination of transient, we can tellutmhaotic
or almost periodic attractor. Saving on one grdghresults

Incomplete and complete bifur cation diagrams of such analysis, we will get the simplest bifurcatdiagram
(fig. 1).

The traditional method of construction of bifurcati
diagrams is based on the analysis of transitional
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Fig. 1. Traditional bifurcation diagram constructed by thethod of brute force

Obvious lacks of such approach are: unstable regimes allows to find all stable fragmeot the
1. it is practically impossible to find the regimestlwi diagram (even with the small areas of attracticth @mges of
the small area of attraction or which is stabldh@ parameter in which regime is stabile). A compléafarbation

small area of parameter; diagram, in a difference from traditional, has more
2. in the case of multistability it is difficult to skw all ~ systematical structure. Knowledge of typical stooes of
branches of bifurcation diagram; bifurcation groups facilitates a bifurcation an@&yas allows

3. absence of system does not allow to do conclusion® extends conclusions about the structure of téftion
about structure of bifurcation diagram and to edten diagrams of the studied dynamical system to thertétion
these conclusions to others dynamical systems. diagrams of the new system.

The bifurcation diagram, which corresponds to Application of method of complete bifurcation greup
mentioned above traditional diagram, contains twaconsists of two stages: search of all periodiablst and
bifurcation groups for the basic regime P1 andunstable) attractors at the fixed values of parametand
subharmonic regime P3 (fig. 2). The unstable brasch construction of bifurcation group on the basis ofery
of diagram allow to unite the separate stable acdas founded periodic solution. The software SPRING gitiee
diagram in a single structure (group). Constructidn set of tools for the solving of these tasks.
complete bifurcation groups with all bifurcation dan
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Fig. 2. Bifurcation diagram constructed by the method ahpkete bifurcation group
Construction of complete bifurcation diagram

Let's pass to illustration of construction of coetpl disposed on the areas border, other unstable paratsside
bifurcation diagram for one of a dynamical systéfe the basin of attractions of chaotic attractor (Y.
will illustrate application of method of complete A further analysis allows us to divide all of saturs into
bifurcation groups by the construction of bifurcati three bifurcation groups: bifurcation group of thasic
diagram for the driven damped oscillator with cubicregime P1 (points A-E, J, K), bifurcation groupisifnd type
elastic force and harmonic excitation (eq. 1). Témults regime P2 (points F-I) and two bifurcation grougsstand
of numeral simulation at the constant parameterl2 type regimes P3 (points L-O and points P-S). For a
and h=30 and at the change of excitation force&onstruction a bifurcation group is enough to krane fixed
frequency w = 1.2 .. 2.5 will be used. For an asiglyhe  point of any regime of this group. Thus it is pb&sito start
points of discrete periodic mapping with the perimfd construction of four complete bifurcation groups.
excitation force (Poincare mapping) are used. To construct bifurcation group of base regime Rd. 8),
begin from the point A and, using the method oftraration
B . 3 on a parameter, move along branch of bifurcatiagm@im of
X+bx+(x+x7)= hCOS((Dt +(P) 1) the basic regime P1. We pass through fold bifuocatjet on
an unstable branch; pass the point of the regimed3s
In the considered example the search of all periodithrough fol_d bifgrcation and restore stability; quof
regimes with the period of excitation force P1 an ymmetry bifurcation leads to occurrence of twiktdwins;
. : . eriod doubling bifurcation leads to the loss afbdity of
subha(;monlc geglmes_of thg second ]f’md éh';q cgsiass these regimes and birth of the subharmonic regiR#sThe
:;r?rne OIUt' 1 petr'%l Ic ::e_g|mes ?‘rg. ound (fig. pt': th remaining regimes of bifurcation group are got: timstable
€m only one stable. FIVe periodic regimes wi symmetric regime P1 (E), two unstable mutually syatrio
period O.f excitation force (A-E). From the”.‘ threeregimes P1 (C, D) and two mutually symmetric unstab
symmetric (A, B, E) and two mutually symmetric twin regimes P2 (J, K). The cascade of period doubliagls to

(C, D). Six subharmonic regimes P2 — three pafnais a AP L
: . . ppearance of infinite number of the unstable pécio
(F-G, H-I, J-K). Eight subharmonic regimes P3 — tWOregimes (UPI — unstable periodic infinitium). Such

symmetric (L and M) and three pair of twins (N-GQP bifurcation structure results in appearance of thaotic

R'SF).' ed points of the periodic regimes on a Poincar regimes. This regime can be unstable and exisis during
Ixed pol periodi g ! ransients or can be stable and exists as attradtor

p'a'."e are in the basin of attraction of two Staim considered case at w=1.35 UPI leads to birth h&fotic
regimes — A and chaos. Saddle node unstable point attractor. Further development of bifurcation groagrurs
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under the similar scenario: the cascade of periotbss bifurcation. As a result we receive bifurcatidiagram
doubling bifurcations results in disappearance &fl,U of bifurcation group P1. The received structurdiédircation
the asymmetrical regimes P1 pass through two foldgroup is typical and meets in many dynamical system
then symmetry of regime is restored through symynetr
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Fig. 3. Periodic solutions of investigated system at w35Jand h = 30. Basic regimes with period of exiciteforce P1 (A-E),
subharmonical regimes with period 2 (F-K) and suiriomical regimes with period 3 (L-S)

The second bifurcation group of island type regime The third bifurcation group of island type regim@ fig.
P2 is other example of typical structure of bifdlma 7) has a structure analogical considered befonerdaifion
diagram (fig. 6). A group is mainly made by thetabée  group of the basic regime P1. The constructionifofrtation
branches of UPI regimes. A group is both-side kalit group can begin from any of the found fixed poiafsthe
by fold bifurcations. After these bifurcations tleggimes unstable regimes of this group (L, M, N or O). Idifierence
of this group becomes stable. But this stabilitgased from the bifurcation group of the basic regime thi®up
only in the very small range of parameter w. Thie t both-side limited by fold bifurcations. Further gm
periodic regimes of group lose stability and assult of  development occurs under the similar scenario:sa luf a
series of period doubling bifurcations UPI is bovde  symmetry — a cascade of period doubling bifurcatierUPI
name the stable regimes of this bifurcation grosipasie = — a cascade of period doubling bifurcations — &oresof a
attractors because of their small area of existasrte symmetry. There is rare attractor RA on one endhef
parameter. All branches of this group (includingera received island, finding which began possible odlbe to
attractors) can be constructed beginning from ohe dnowledge of typical structure of bifurcation group
steady points of any regime of this group (F, GyrHi).
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fig. 4. Fixed points of periodic solutions

The fourth bifurcation group of island type of neg  of period doubling bifurcations. The same series of
P3 (fig. 8) has a structure analogical the bifioccat bifurcations lead to birth of UPI, which makes thessic part
group of island type regime P2. The construction obf bifurcation group.
group can begin from the points P, Q, R or S. Al ase Uniting all received bifurcation groups on one drape
in the case of regime P2 the island is limited bldf will get a complete bifurcation diagram (fig. 9).nQhis
bifurcations. There are rare attractors on the esfds bifurcation diagram, except mentioned before regifgé and
island. Rare attractors lose stability as a resfuterious  P3, should be noted rare attractors and UPI.
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Fig. 5. Main bifurcation group of regime P1
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Fig. 8. Bifurcation group of second island type regime P3
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Fig. 9. Complete bifurcation diagram with four bifurcatigroups
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The location of rare attractors is illustrated by a(unpredictable) increase of amplitude of oscillasi@n some

amplitude diagram (fig. 10). For example the regimérequencies. Other rare attractors

RApz coexists with the basic regime P1, but has largamplitudes also.
amplitude. Such coexistence can prove as an untec

Bifurcation maps

have
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Fig. 11. Bifurcation map of bifurcation group of regime P1
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Other application of method of complete bifurcationcomplete bifurcation groups gives new possibilities

groups is a method of bifurcation maps constructibaut

construction of bifurcation diagrams and bifurcatimaps

which also it would be desirable to say a few words[5]. This approach allows to receive complete lwftion

Bifurcation map is built on the plane of two paraens

and selects on this plane the areas of existenctheof
different stationary modes. The famous exampleuzhs

map is a map, built by Yoshisuke Ueda for the systé
Duffing [1]. Such map allows to determine the pagtems
of the system at which exists or does not exider@sting
us regime of oscillations.

diagrams which, due to unstable branches, allowinid

and show new regimes, which search and analysis by
The method of
represented as the

traditional methods is inconvenient.
complete bifurcation groups is
perspective approach for investigating and systeatain
of bifurcation diagrams of various dynamical syssemts

advantages are especially obvious at research df su

The construction of bifurcation maps can basedhen t phenomena as rare attractors, UPI and chaos.

method of continuation on parameter. Only in trasecit

must be extended on two parameters simultaneous

(complex parameter). Taking for basis the bifuarapoint
of complete bifurcation group and varying two pastens
of the system simultaneously it is possible to dealine
all of points of which correspond to bifurcatiorSuch
algorithm is realized in the software Spring andhad as
BifJumper.

Taking for basis the bifurcation points of bifuricat

group of the basic regime and applying the methéd o

BifJumper, we will get a bifurcation map, shown the
figure 11. Are constructed bifurcation
corresponding to bifurcation of a fold, loss of syetry
and period doubling. The sloping shading is setbet

areas of UPI with the chaotic behavior of the ayste

Choosing frequency and amplitude of excitation édrom

these areas it is possible to get chaos (possibly o

transitional).

Conclusions

The presented new approach to the parametrical
analysis of nonlinear dynamic systems on the basis
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