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Abstract. In the article the theorem of the synthesis of ilmkied systems with Lame - manifold is receivedfeted
synthesis allows to receive systems with the seimgry of stable limit cycles. The basic resultsadfcle are illustrated
by the numerical modeling of processes of formadiblimit cycles.
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Introduction

The modern theory of synthesis of movementten
closed trajectories, systems of stabilization oferoent in
a direction of complication of geometry both trages
and qualitative methods of synthesis actively dep®l For

example, many biological oscillatory processes ycarr

relaxation character. Self-oscillatory modes agsthere

equations in phase variables have an obvious
: 2m ong . 2M o
appearancé; = ———3" ", X, :_afm X,

Its trajectories atm>1 contain rectilinear sites of
movement.

Problems of synthesis and stabilization oftiimked
systems with set conservative parts of Lame arsidered

geometrically are defined by piecewise smooth limitn work. Let's remind definition of invariant (irgeal)

cycles. In a radio engineering control of geometfryimit
cycles is the basic problem at the decision of xdareive
class of problems. The closed trajectories of me@nof
executive components are characterized by presefice
sites close to the rectilinear in a robotics (Fig.1

Fig. 1.

Movement trajectories are wen approximated by etbs
curves of Lame. Closed curve of Lame is described b

2m 2m
following equation%+% =1. At m=1

asymptotically stable manifold of system of theefiéntial
equations.

Definition 1. Manifold € is called as integral manifold
of system of the differential equations if systesnaments
at the initial conditions defined on this manifotantain in

it att € (—o0,+00).

Definition 2. (Zubov V.l. [3]) Integral manifold Q is
called as asymptotically stable, if:

1.Ve>036(e)>0, such, that at p(X,,Q) <5
inequalityp(X(t,XO) ,Q) < ¢ iscarried out at > t;
2.Ve>035(&)> 0, such, that
p(X(t,XO),Q)t_:)wO,

where X(t,Xo) - system movemenip — distance to

integral manifold.

For such manifold the trajectories beginning ors thi
manifold remain on it &t—> 400 . If manifold of smooth
system is closed and compact trajectories of sysiesn
unboundedly continued on it [3]. In our case suémnifiold
is surface of Lame.

Besides, from existence and uniqueness ofi¢leesion
of problem Cauchy, follows, that the trajectoriésystem

beginning out of integral manifold cannot cross it

conservative oscillator, describing movement onhsucait —s +oo . Hence, if this manifold is border of some

trajectories is linear. Atm>1 it is received nonlinear
conservative oscillator - oscillator of Lame whic
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domain the trajectories of system beginning ingifi¢his
domain, will remain in it at € (—o0,+ o0)[3].
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Statement of a problem of synthesis of integral steices
of Lame

Let's consider enclosed inR*"smooth simply
connected manifold

D" = R®" with bordedD>" = S2"*, diffeomorfied to

hyper spher&2"", where

2 2 oy y2m
D* ={XeRM-1 "2 S X __g
& & =3

M e Z" . Such borders are surfaces of Lame.
Let's consider the following system of the diffeiah
equations

X =%a,X%,
%, = Fa% + U y(X), .
% =, L 1i1=23,..n.
Yo = F0y 577 + U 5(X);
where X = (X, %, ..., %, Y - a condition vector.
It is required to find feedback control on a coiuait

vector, such that the border was attracting integra

manifold of system (1).
For the decision of this problem we will sgarfor

control functionsUz(X), U2i(X), i=2,3,...n, in
linear space of smooth
M eL|M,M,,,..| dedM,)=2m+1,
spanning on generatorsM , = X,, M, = XIX,,
3
Mz,zzxz' M Mzi:XZi’
2 2 2m
M1,2i =X Xy Mz,zi =X Xy M 2 = XXy,
j=3,4,...,2 over a field of real numberdR, in a
following kind:

2n

Uz(x) = ﬂlxz"‘ﬂl,zxixz"'ﬂz,z)gz"'_z:ﬂj ?fm X,
j=3

U, (X) = B,_X, +161,2X21Xi2 +p 2i2X22)§2+

2n

283%™

i=3

_ w2m
j2 Xj Xy

Synthesis of integral surfaces of Lame and stabilion
of movements in their vicinities
Lets enter internal and

vicinitiesoD*": B} (8D2”) ,B; (8D2”) :
.e.B;(6D*") = Int(D*")\{0} B} (oD™") ,
O >0, where Int(DZ“) — an interior of domaiD?®",

ie.,

external

B, (0D™) = (X)eR2”0<ﬁ2+§2+Zn:i;sl
a 4 54

B/ (D" =1(X) e R" 1<ﬁ2+£2+2n—m<1+5
8 &

="

Theorem (about attractiondD*"). 1. That borderoD>"
was integral manifold of system (1) enough perforbea
of following condition on coefficients of contrahttions:

a, = 261;2, a, = 2312 ’131: * 1ﬁ1,2: + aiz 1
ﬂz,z = $a£2'ﬂj 2= $a]_—2m’a2 = Zma_ﬂzm’
O g = Zmaéz—nLﬁz—l: 10, =7 a_lz J

ﬂz,z 21352’/8] 2= 1aj_zm1
rnei=2,3,.n,)=3,4,.8 .

2. If thus  coefficients of  controls
ﬂ1 =1, 161,2 = _aiz’ ﬂz,z = _aj ’ﬂj,Z = _aIzm’

obey

-2m

-2 -2
ﬂzmzl- /81,2i =-a,, ﬁz,z =-a, -/Bj,z =—g

border D" is asymptotically attracting for trajectories,
with the entry conditions defined on

polynomials setB; (aDZH ) UB (5[) 2n) e,

domain B;(@DZ”)UB;(GDZ”) is domain of

asymptotic stability of integral manifoldD>".
Consequencelet conditions 2 of theorems are satisfied

then interior Int( DZ”) - invariant manifold of

system (1).
In particular, from a theorem consequence follothsit
decisions of problem Cauchy, with the initial cdratis

defined on an interior will be bounded & (—oo,+oo).

Proof. 1 Invariance of border 9D " . We will enter into
consideration the following function

2 2 2n 2m
F(X) =25+ 2243 2
a & i34
Let's notice, that the entered function hasoastant
sign as on an interior, its limited surface of levand in

some O - a layer, adjoining border from the outside. We

semiill calculate a total derivative of functiorF(X) on

movements of system (1) taking into account cood#i
lof theorem on coefficients. Then we will receive a
following condition:

Z(X OF(X), , 9F(X)

S\ 0%, X,

J:P(X)(l— HX)).

or
457
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OF(X X d
iaz)(z% (+0{1X1+U (X)) ()(2 ) t -
2 2n ,2m
(i OF(X) {_Hn j[ X% Lj,
Z(i Ay X5 6X2,1+ ;az. a1 a22 ;azm
(1 xg”:1+U§(X))ag(x)j ie. d—F(X)— it is definitely positive. Owing to what,
%ai F(X)is Lyapunov's function OB;(GDZ”). Certain

- PO()( = F(X )) ' positivity means, that system trajectories By (6D2“)

2 n 2m . . . . .

where P(X)= i2(%+ mz Xz;mj signs "+" or will be directed to border from V\/Jth|n, g;ossmgfames of
i=2 level functionsF(X) laying onBj (8D )

"—" take before coefficients of control functions,

depending on that'—" or "+" is available before In externald - a Iayer,% F(X) will be definitely
members of first degreé,;_;, X,; of control.

The received condition is a condition of invariarafethe
manifold set by equatiod— F(X) = 0. In our case this onB; (GDZ”), and the trajectories defined in this layer,

negative, i.e., F(X)also is Lyapunov's function

manifold IS border will be directed, thus, from the outside to bord&>" .

2 X2 2n X2m
D" ={(X)e R™ _iz__Zz _Z =0 Besides, orB; (GDZ”)U B; (8D2n)is not present
4 3 a1 @ and o - limit points, as well as on surface of Lame

o - limit points. According to Zubov's theorem [3jaut

. 2n . . . . . .
of manifoldD ", i.e., the invariance condition is carried . o . . L
asymptotic stabilityof invariant sets taking into account

out only for one of surfaces of level of functiE(nX), behavior of trajectories on
tor D" B, (6D2” ) UaeD*UB? (6D 2”) we come to
Thus, borde®D?" is integral manifold of system. conclusion, that seB; (aDzn)U B; (8D 2”) is domain

Proof. 2 Asymptotic stability of OD*". Let feedback of an attraction fodD?". The theorem is proved.
controls on a vector - to a condition look like: For the proof of a consequerafethe theoremit is
on enough to take advantage of the following statement
UZ(X) = BX. + B XX+ n , X Theorem (Zubov V.. [3]) Domain of an attraction of the
2( ) P, ﬂl‘z 12 ﬂz,z)gz ;ﬂ‘ Xm 2 closed invariant asymptotically stable set is operariant
set.

U, (X) = B5_X; +ﬂ1,2X21Xi2+ﬂ 2;2X22>$2+ Considering, that the attraction domain sistis of
two non-overlapping sets, and applying the theorem
+z B; 5% J (Zubov V.1. [3]), we receive invariandB (aDZ”).
Stabilizing self-excited oscillator and
npu 1=2,3,... 0, synthesis of orbital stable limit cycles of Lame
herefs, =1, , , . : .
where/; o= 3’ B2 = Problem statement. It is required to synthesize the
ﬂj 5 :_ajizm, ﬂZi 1:1 s =—8, ,,[)’2 5 = , controlling generator of self-oscillations, suchatthin
’ om ' subspace of conditions of an executive part ofesysthe
Bia=—a". self-oscillatory mode was excited. Geometricallye th

Let's consider a total derivative of function onProblem is reduced to synthesis of the feedbackrabn
_ 5 2 . _ 5 reducing to emergence of orbital stable limit cyahe
seth(aD n)U B;(@D n)- On interior Bs(aD n) subspace of an executive part of system. The ghase

with the pricked out origin of coordinates, the atot corresponds to a situation iat= 2:
derivative looks like:
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X =%,

% = =%+ Uy (%, x )+ U XX 5x ),
%= %"

X, = =5 X" U (x5 x )+ U L x X ,x ).

whereU,;, U,, - required internal feedback controls on
a condition vector of the controlling generator s#if-
oscillations and an controlled subsystetd,,, U, -

required feedback controls on a condition vectorathf
system, providing nonlinear interaction
controlling generator of self-oscillations and ameeutive

part of system. ThusX, x X, C R? - subspace of

controlling the generatorX, x X, C R?- subspace of

an executive components.
Let's notice, that standard replacementaoiables the
system can be copied as follows:

y+ w* y+ Uy, ¥)+ UV, x5x,)=0,
s
X, ==, X"+ U (x5 x )+ U (Y, V,x ).

The form of a limit cycle of a controlled subsystés
defined in subspace of movements

4 U4
function:F, (X5, X,) = 1— z)ﬂ—;; the required differential
i-3 &

equation of the generator of self-oscillationslisence of
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interaction with a subsystem of movements looks

like: Y+ @° Y= B, Y= By * Y= Bo5¥ = 0.

Thus, the essential role is played thus by two non
linearity: y*V- non-linearity of Van der Poly®- non-
linearity of Rayleigh.

The form of a trajectory of a controllingbsystem is
set by function:

2 2
F(x,%,)=1-L -2

>, orin variables(y, y):
2 .2
. y |y 2 2.2
F(y, V)= 1—¥——2, where & = w,a, .

At an exit on a self-oscillatory mode of gmntrolling
generator of a Fig. 2, in space of displacementsysfem
of Lame the orbital stabl@nit cycle of a Fig. 3 is formed.
The offered ecess allows to control not only geometry of
limit cycles and the sizes of the domain limitedthese
cycles [2].

References

[1] Gorobtsov A. S.Theoretically Investigations of the Control
Movement of the CLAWAR at Statically Unstable Regimes
Walking and Climbing robots. Vienna, Austria, 20Q¥%, 95 —
106.

[2] Gorobtsov A.S., Ryzhov E.N. Analytical synthesis of
generators  of  self-oscillations on two  oscillatory
links//Automatics and telemechanics. — 200 Ne-6.

[3] Zubov V.I. Stability of movement-M: the Higher school,
1973 - 272 p.

459
2008 DECEMBER VOLUME 10,1SSUE4, ISSN1392-8716





